Mathematica 11.3 Integration Test Results

Test results for the 249 problems in "3.1.5 u (a+b log(c x*n)) p.m

Problem 22: Result more than twice size of optimal antiderivative.

dx

J(a+bLog[cx”])3Log[1+ex1
2

X
Optimal (type 4, 342 leaves, 14 steps):

6b’en’Log(x] -6b*en? Log[1+ i} (a+bLlog[cx"]) -
e x

3benLog[1+i] (a+bLog[cx”})2—eLog[1+i} (a+bLog[cx”})3f
e x e x

6b3n3Llog[l+ex] 6b’>n? (a+bloglcx"]) Log[l+ex]

6b>en3Llog[l+ex] -

X X
3bn(a+bloglcx"])®Log[l+ex] (a+bloglcx"])’Log[l+ex]
- +
X X

6 b en’ Polylog|2, 7i] +6b%en” (a+blog[cx"]) Polylog|2, 7i} +
ex e x

3ben (a+blog[cx"]|)®PolyLog|2, 7i] +6b*en®Polylog|3, 7i] +
ex ex

6b>en” (a+blog[cx"]) Polylog|3, —i} +6b®en®Polylog|4, —i}
ex ex

Result (type 4, 770 leaves):
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a’elog[x] +3a’benlLlog[x] +6ab2en?lLog[x] +6b*>en?Log[x] -

3
—a’benlog[x]?-3ab%en’®Llog[x]?-3b%>en’Llog[x]%+ab%en?Llog[x]>+
2

1
b*en®Log[x]®- = b>en’Log[x]*+3a’belog[x] Log[cXx"| +6ab?enLog[x] Log[cx"]| +
4

6 b’ en” Log[x] Log[cx"| -3ab?enLog[x]?Log[cx"] -3b’en®Log[x]?Log[cx"] +
b®en?Log[x]? Log[cx"] +3ab2eLoglx] Log[cx"]*+3b>enLog[x] Log[cx"]* -

3

fb3enLog[x}zLog[cx”]2+b3eLog[x1 Log[cx"]3—a3eLog[1+ex] -3a’benlog[l+ex] -
2

a®log[l+ex] 3a’bnlog[l+ex
6ab’en’log(l+ex] -6b’en’Log[l+ex] - gllrex] gllrex]
X X

6ab’n?log[l+ex] 6b3n®>Log[l+ex]

-3a’belog|cx"| Log[1l+ex] -
X X
6ab’enlog|cx"| Log[l+ex] -6b*>en’Log[cx"] Log[1+ex] -

3a’blog[cx"] Log[l+ex] 6ab’nlLog[cx"] Log[l+ex] 6b3n?Log[cx"] Log[l+eXx]

X X X

3ab?Log[cx"]?Log[l+ex
3ab2eLog[cx”}2Log[1+ex]—3b3enLog[cx"}2Log[1+ex}7 glcx']”log[l+ex]
X
b3 Log[c x"]3Log[l+eXx
*b3eLog[cx“]3Log[1+ex]f gl ] gllrex]
X X

3ben (a2+2abn+2b2n2+2b (a+bn) Log|cx"] +b2Log[cx“}2) PolylLog[2, -eXx] +

3b3nlLog[cx"]?Log[l+ex]

6b%en” (a+bn+blog[cx"]) PolylLog[3, -ex] - 6 b’ en’PolyLog[4, -eX]

Problem 23: Result more than twice size of optimal antiderivative.

(a+bloglcx"])’Log[1+ex]
J dx

x3

Optimal (type 4, 470 leaves, 22 steps):
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_45b3en3_zb3ezn3Log[x]_21b2en2(a+bLog[cx”]>Jr
8 x 8 4 x

9b bL ny)2
ibzeznzLog[1+i} (a+bLlogcx"]) - en[a-bloglcx"]) +
4 e X 4 x

bL ny)3

ibeanog[1+i] (a+bLog[cx”])2—e (a+blog[cx"]) +le2Log[1+i] (a+bLog[cx"])’+
4 ex 2 X 2 ex

3p3n3log[l1+ex] 3b*n? (a+bloglcx"]) Log[l+ex]

3
=—b*e?ndLlog[l+ex] -
8 8 x? 4 x?

3bn(a+bloglcx"])®Log[l+ex] (a+bloglcx"])’Log[l+ex]

4 x2 ) 2 x? )
3 1 3 1
=b*e?n’Polylog[2, - —| - = b?e’n? (a+bLlog|[cx"|) PolyLog[2, - —| -
4 ex 2 ex

ibezn (a+bLog|c x”])zPolyLog[Z, —i} - zb3 e?n®Polylog|3, —i] -
2 ex 2 ex

3b*e’n” (a+blog[cx"]|) Polylog|3, —i} -3b%*e?n®Polylog|4, —i]
e x ex

Result (type 4, 1047 leaves):

781? (4a3ex+18a2benx+423bzen2x+45b3en3x+4a3e2x2Log[x] +
6a’be?nx®Llog[x] +6ab?e?n?x?Log[x] +3b>e?n3x?Log[x] -6a’be?nx?Log[x]?-
6ab?e?n?x?Log[x]?2-3b%e?n®>x%Log[x]%?+4ab?e’n?x?Log[x]3+
2b*e?n®x? Log[x]® -b*e?n®x? Log[x]*+12a’bex Log[cx"| +36ab’enxLog[cXx"| +
42b%en’*xLlog[cx"| +12a’be?x? Log[x] Log[cx"]| +12ab?e?nx? Log[x] Log[cXx"] +
6 b e?n?x? Log[x] Log[cx"| -~12ab?e’nx? Log[x]* Log[cX"| -

6 b e? n” x? Log[x]? Log[cX"]| +4b®e?n?x? Log[x]?Log[cXx"| +12ab’ex Log|c x”]2+
18b3enxLog[cx”]2+12ab2e2x2 Log [X] Log[cx”]ZJr6b3’e2nx2 Log [X] Log[cx”]z—

6 b3 e n x? Log[x}zLog[cx"]2+4b3exLog[cx”]3+4b3e2x2 Log[X] Log[cx“}3+
4a%log[l+ex] +6a’bnlog[l+ex] +6ab*n?log[l+ex]+3b3>n3Log[l+ex] -
4a%e?x?log[l+ex] -6a’be’nx?Llog[l+ex]-6ab’e?n?x?Log[l+ex] -
3b%e?n®x?Log[1+ex] +12a’blog|[cx"| Log[1+ex] +12ab’nlog[cx"| Log[l+ex] +
6b°n? Log[cx"| Log[1l+ex] -12a*be?x? Log[cx"| Log[1+ex] -
12ab?e’nx?Log[cx"] Log[1+ex] -6b%e?n?x? Log[cx"| Log[1l+ex] +

12 a b? Log[cx”}ZLog[lJrex] +6b3nLog[cx“]2Log[1+ex] -

12 ab? e? x? Log[cx”}zLog[1+ex} -6b3e?nx? Log[cx“]zLog[1+ex] +

4 b3 Log[cx”]3Log[1+ex] -4be?x? Log[cx“]3Log[1+ex] -

6be?nx? (2a2+2abn+b2n2+2b (2a+bn) Log[cx"] +2b? Log[cx“]z) PolylLog[2, -eXx] +

12b%e*n’x* (2a+bn+2blog[cx"|) PolyLog[3, -ex] - 24 b’ e? n® x* PolyLog [4, —ex})

Problem 24: Result unnecessarily involves imaginary or complex numbers.

Jx3 (a+bLog[cx"]) Log[d [§+'FX2 | ax

Optimal (type 4, 180leaves, 7 steps):
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2 2 (asblL n

_3bnx +ibnx4+x (a+ og[cx]>_lx4(a+bLog[cx”])+

16df 16 4df 8

bnLlog[1l+dfx?] 7lbnx4Log[1+de2] i (a+bLloglcx"]) Log[1+dfx?] X
16 d? 2 16 4 d? 2

1, bnPolyLog|2, -dfx?]

~ bL ") Log|1+dfx?| -

4x (a+ og[cx]) og[1+dfx?| o 2

Result (type 4, 356 leaves):

ax? ax*

bx? (-n+4 (-nLog[x] +Log[cx"]))

- +ibx4<n—4(—nLog[x]+Log[cx"”)+
4df 8 32

16df

alog[1+dfx?] +1ax4Log[1+dfx2] . b (n-4(-nlLog[x] +Log[cx"])) Log[1+dfx?] X

4d* f2 4 16 d? £2
ibx“(—n+4nLog[x]+4(—nLog[x]+Log[cx”])) Log[1+dfx?] -
16

x2 1 x4 1

lbdfn . I+;x2Log[x] +—;+4—X4Log[x} X
2 o2 £2 df

+

1 Log[x] Log[1+j1\/?\/?x] +PolyLog[2, —Ji\/d_\/?x]
d? f2 2df

Log(x] Log[1-i+/d /f x] +PolyLog[2, i Vd V/f x]
2df

Problem 25: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx (a+bLlog[cx"]) Log[d (3+Fx2 | ax

Optimal (type 4, 114 leaves, 8steps):

bn(1+dfx?) Log|l+dfx?
1bnxz—lx2 (a+bLoglcx"]) - N (1+dFx?) Log[1+df ]
2 2 4df
(1+dfx?) (a+blog[cx"]) Log[1+dfx?] bnPolylLog|2, -dfx?]
+

2df 4df
Result (type 4, 286 leaves):

+
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2 Log|1+df x?
_ax +lbx2(n—z(—nLog[x]+Log[cx“”)+a ot X]+
2 4 2df
Easzog{1+dfx2] . b (-n+2 (-nLog[x] +Log[cx"])) Log[1+d fx?] .
2 4df
lbxz(—n+2nLog[x]+2(—nLog[x]+Log[cx””)Log[1+d1°x2]—
4
b *)ETZJr%XZ Log(x] 1 (Log[x] Log[1+i+/d V/f x| +PolyLog[2, -i+/d /f x]
n - +

df Cdf 2df

Log[x] Log[1-1i+/d +/f x] +PolyLog[2, i Vd V/f x]
2df

Problem 26: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J‘(a+bLog[cx”]) Log|[d (i”:xz)}

dx
X

Optimal (type 4, 39leaves, 2 steps):

1 (a+bLog[cx"]) PolyLog|2, -dfx?] + lanolyLog[B, -d f x?|
2 4

Result (type 4, 319leaves):

1bLog[x} (nLog(x] +2 (-nlLog(x] +Log[cx"])) Log[1+dfx?] -
2

Log[x] Log[1+i+/d V/f x| +PolyLog[2, -i+/d Vf x]

2df

2bdf (-nLog(x] +Log[cx"])

+

Log(x] Log[1-1i+/d /f x] +Polylog[2, i Vd Vf x]

2df

1 1 /1
~aPolylog[2, -dfx?| -bdfn (7 ~Log[x]?Log[1+i~d VFf x|+
2 df\2

Log [x] PolyLog[Z, —jﬁﬁx] —PolyLog[3, —jﬁﬁx]

+ —

[lLog[x]zLog[lfi\/?\/?x} + Log[x] PolyLog[Z, jﬁﬁx] —PolyLog[3, j\/?ﬁx]

2

Problem 27: Result unnecessarily involves imaginary or complex numbers.

J‘(aerLog[cx”]) Log|[d (iﬂcxzﬂ

dx

X3

Optimal (type 4, 141 leaves, 9steps):
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1 1
“bdfnlog[x] - —bdfnlLog[x]?+dfLog[x] (a+bLog[cx”}) -
2 2

bnlL 1+dfx?
lbd-FnLog[1+d-Fx2}— n Log| : X}—ldf(a+bLog[cx”])Log[1+d-Fx2}—
4 4x 2

(a+bLlog[cx"]) Log[1+dfx?]

1
- ~bdfnPolyLog[2, -dfx?|
2 x2 4

Result (type 4, 252 leaves):
1 1
adflog[x]+—bdfLlog[x] (n+2 (-nLog[x] +Log[cx"])) - ;ad-FLog[1+dfx2] -
2

Log|1 +d f x?
a og{ +2 X]—lbdf(n"‘Z(_nLog[X}+L0g[cxn]>>Log[1+dfxz}_
2 X 4

b (n+2nLog[x] +2 (-nLog[x] +Log[cx"])) Log[1+d fx?]

+
4 x2

Log[x] Log[1+i+/d +/f x] +PolyLog[2, -i+d Vf x|
2df

Log[x] Log[1-1i+/d +/f x] +PolyLog[2, i Vd /f x]
2df

Log[x]?
2

bdfn -df

+

Problem 32: Result unnecessarily involves imaginary or complex numbers.

JXE' (a+bLog[cx“])2Log[d [3+fx2 | ax

Optimal (type 4, 367 leaves, 13 steps):

2 02 42 3bnx? bL n
O 3 e 3PN (arDLogleX)) 1 ey iggex])
32df 64 8df 8
2 bL ny)? b2n? Log|1+dfx?
X’ (a+bloglcx")) L (a+bLog[cx"])?- n* Log|1+dfx’] +ib2n2x4Log[1+dfx2]+
4df 8 32d? 2 32
bn<a+bLog[cx“])Log[1+dfx2} 1

- 4 n 2
ey —8bnx (a+blog[cx"]) Log[1+dfx*] -

bL "1)%Log[1+dfx?
(a+bloglcx"))®Log[1+ X}+lx4<a+bLog[cx“])zLog[1+dfx2]+

44?2 4
b?n?Polylog[2, -dfx*| bn (a+blog[cx"]) Polylog[2, -dfx?] b?n2Polylog|3, -dfx?]
- +
16 d* 2 4d*f2 8 d> f2

Result (type 4, 673 leaves):
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1
64 d £
(dex2 (8a2—4abn+b2n2+4b2n (nLog[x] -Log[cx"]) +16ab (-nLog[x] +Log[cx"]) +8b?

(—nLog[x}+Log[cx”])2)—d2f2x4 (8a2—4abn+b2n2+4b2n(nLog[x}—Log[cx”])+

16ab(—nLog[x]+Log[cx”])+8b2(—nLog[x}+Log{cx”])2>+
2d? 2 x4 (8a274abn+b2n274b(74a+bn) Log[cx”]+8b2Log[cx”]2) Log[1+dfx?| -
2(8a2—4abn+b2n2+4b2n(nLog[x]—Log[cx"})+16ab(—nLog[x]+Log[cx”})+

8b2(—nLog[x]+Log[cx”})2) Log[1+dfx?| +bn (-4a+bn+4bnlog[x] -4blog[cx"])

(4d-Fx2—d2-sz4—8d1:x2 Log[x] +4d*f2x* Log[x] + 8 Log[x] Log[1-1i+/d V/F x| +

8Log[x] Log[1+i+/d +/f x| +8PolyLog[2, -i+/d Vf x| +8PolyLog|2, Ji\/?\/?x]) -
b2 n? (—8d-Fx2+d2-F2x4+16dfx2Log[x}—4d2f2x4Log[x}—16dfx2Log[x]2+

8d?f2x* Log[x]? + 16 Log[x]? Log[1-i+/d V/f x| +16 Log[x]?Log[1+i+/d V/f x] +

32 Log[x] PolyLog[2, -i+/d +/f x| +32Log[x] PolyLog[2, i Vd /f x| -

32 Polylog[3, -i/d VF x] -32Polylog|3, jm/?x/?x]))

Problem 33: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx (a+bLog|cx"] )2 Log[d (3+-Fx2)] dx

Optimal (type 4, 241 leaves, 15steps):

b2n? (1+dfx?) Log|1l+dfx?
—§b2n2x2+bnx2 (aerLog[cx”})—lx2 <a+bLog[cx"])2+ n* (1+dfx?) Log[1+ X],

4 2 4df
bn(1+dfx?) (a+bloglcx"]) Log[1+dfx?] (1+dfx?) (a+blog[cx"])?Log[1+dfx?]
2df i 2df i
b2n2Polylog[2, ~-dfx?| bn (a+blog[cx"]) Polylog|[2, -dfx?] b2n2Polylog|3, -dfx?|
adf : 2df ) adf

Result (type 4, 519leaves):
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o (—d-sz <2a2—2abn+b2n2+2b2n (nLog[x] - Log[cx"]) +
4df

4ab (-nLog[x] +Log[cx"]) +2b® (-nLog[x] +Log[cx“])2) +
df x? (ZaZ—Zaanrbznz—Zb (-2a+bn) Log[cx"] +2b2Log[cx”}2) Log[1+dfx?] +
(2a2—2abn+b2 n?+2b%n (nLog[x] - Log[cx"]) +4ab (-nLog[x] +Log[cx"]) +

2b* (-nLog[x] +Log[cx”})2) Log[1+dfx?] +2bn (2a-bn-2bnlog[x] +2bLog[cx"])

(ldfxz—dfszog[x}+Log[x] Log[1-i+/d v x| +Log[x] Log[1+i+/d v/f x] +
2
PolylLog[2, -i+/d V/f x] +PolyLog[2, i Vd Vf x|

b2 n? (dFXZ—ZdFXZLog[x] +2d-Fx2Log[x]2—2Log[x]2Log[l—jﬁ\/?x] -
2Log[x]2Log[1+j\Hﬁx] -4 Log[X] PolyLog[Z, —Ji\/?\/?x] -4 Log[X]
PolyLog[2, i v/d V/f x| +4PolyLog[3, -i+/d +/f x| +4PolyLog|3, Ji\/?\/?x”

Problem 34: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bLog[cx”])2Log[d (i+'FX2)}

X

dx

Optimal (type 4, 70leaves, 3 steps):

1 (a+bLog[cx””2PolyLog[2, ~dfx?] +
2

lbn (a+bLog[cx"]) PolyLog|3, -dfx?| - Eb2 n?Polylog |4, -d fx?]
2 4

Result (type 4, 484 leaves):
1 (Log[x] (bzn2 Log(x]?-3bnLlog[x] (a+blog[cx"]) +3 (a+bLog[cx“])2) Log[1+dfx?| -

3

3 (a-bnloglx] erLog[cx"])2 (Log[x} (Log[l—j\/d_\/?x} +Log[1+i\/?\/?x}) +

PolylLog([2, -i+/d V/f x] +PolyLog|[2, i Vd /f x }) +3bn
(-a+bnLogx] -blog[cx"]) (Log[x]ZLog[ 1-i+/d Vf x| +Log[x]?Log[1+i+d f x|+

2 Log[x] PolylLog[2, -i+/d V/f x] +2Log[x] PolyLog[2, i Vd Vf x| -
2Polylog[3, -iVd VF x] -2PolyLog3, i Vd VF x]| -

b2 n? (Log[x]g’Log[ 1-1+d VFf x ]+Log x]3 Log[1+jﬁﬁx]+
3 Log[x]? PolyLog|2, —1\/7\/7@ +3 Log[x]?Polylog|2, Jl\/?\/?x} -
6 Log[x] PolyLog[B, —j\/?\/?x} -6 Log[x] PolyLog[B, jﬁﬁx] +
6Polylog[4, i V/d /f x| +6PolyLog[4, i Vd VF x]||



Mathematica 11.3 Integration Test Results for 3.1.5 u (a+b log(c x~n))p.nb | 9

Problem 35: Result unnecessarily involves imaginary or complex numbers.

J\(a+bLog[cx”])2Log[d (i+'FX2)]

dx
X3

Optimal (type 4, 257 leaves, 11 steps):

lbzd-FnzLog[x}—lbd-FnLog[1+ | (a+blog[cx"]) -
2 2

df x?

%d-FLog[1+de2] (a+bLog[cx“])2—ibzdfnzLog[1+dfx2} -

b2n?Log[1+dfx?| bn (a+bloglcx"]) Log|[l+dfx?|
4x2 2x?

(a+bLog[cx“])2Log[1+dfx2}

1
+ = b?dfn?Polylog|2, - |+
2 x? 4 df x?
1 1 1
—bdfn (a+blog|[cx"|) PolyLog|2, - | + =b*d fn?Polylog|3, - ]
2 df x? 4 df x?

Result (type 4, 488 leaves):

- (2d-FLog[x} (2a2+2abn+b2n2+4ab (-nLlog[x] +Log[cx"]) +
4

2b*n (-nLog[x] +Log[cx"]) +2b? (-nLog[x] +Log[cx“])2) —:'—2
(2a2+2abn+b2n2+2b (2a+bn) Log[cx"] +2b2Log[cx”]2) Log[1+dfx?| -
df (2a2+2abn+b2n2+4ab (-nLog[x] +Log[cx"]) +

Log[1+dfx?| -2bdfn (-2a-bn+2bnLlog[x] -2bLog|[cx"]
(Log[x} (Log[x]—Log[ —nv—\/?x]—Log[lul\/—\/?x])
PolyLog[Z,—Ji\/?\/—x]—PolyLog[z,J'L\/—V—x})Jr

2b*n (-nLog[x] +Log[cx"]) +2b? (-nLog[x] + Log[c X" )
)

Ebzd-Fn2 (2Log[x]3—3Log[x}2Log[l—j\/?\/?x] ~3Log(x]%Log[1+i~/d VF x] -
3
6 Log[x] PolyLog[2, -i+/d \/f x| -6 Log[x] PolyLog[2, i/d Vf x| +

6PolyLog[3, —j\/?\/?x} +6PolyLog[3, jﬁ\/?x])

Problem 40: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

| ax

in‘ (a+bLog[cx“])3Log[d [i-%—fxz

Optimal (type 4, 591 leaves, 22 steps):
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45b3n3>x?> 3 21b2n2x? (a+bLlog[cx"] 9
s =Xt ( >——b2n2x4(aerLog[cx“])—
128d f 64 32df 64

9bnx2 (a+bloglcx"])?

2 bL ny)3
+ibnx4(a+bLog[cx“”2+X (a+bLoglex"]) _
l6df 16 4df
3b3n3Log|l+dfx?
lx4 (a+bLog[cx“])3+ n*Log[1+dfx’] —ib3n3x4Log[1+dfx2}—
8 128 d2 2 128
3b*n? (a+blog[cx"]) Log[1+dfx?| 3

+—b?n*x* (a+blog[cx"]) Log[1+dfx*] +

32 d? 2 32
3b bL ")2Log[1+dfx?
n (arbloglcx"))"Log[1+ X]7ibnx4(a+bLog[cx”])2Log[1+dfx2]7
16 d? 2 16
(a+bloglcx"])’Log[1+dfx?] 1 , s
+=x* (a+blog[cx"])” Log[1+dfx*]| -
4 d? 2 4
3b3n®Polylog[2, -dfx2| 3b2n? (a+blog[cx"]) PolyLog[2, -d f x|
N _
64 d? £ 16 d2 £
3bn (a+blog[cx"])?Polylog[2, -dfx?] 3b?>nPolylog[3, -dfx?]
- +
8 d? £ 32 d2 2
3b%n? (a+blog[cx"]) Polylog|3, -dfx?| 3b>n?Polylog|4, -dfx?|
8 d> f2 16 d* 2

Result (type 4, 1250 leaves):
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1
256 d? 2
(2d1‘:x2 (32a3—24a2bn+12ab2n2—3b3n3+48ab2n (nLog(x] -Log[cx"]) +96a’b (-nLog[x] +

Log[cx"|) +12b%n? (-nLog[x] +Log[cx"]) + 96 ab? (-n Log[x] +Log[cx”})27
24b*n (-nLog[x] +Log[cx”])2+32b3 (-nLog[x] +Log[cx””3) -
d? £2 x* (32a3724a2bn+12ab2n273b3n3+48ab2n (nLog[x] - Log[cx"]) +
96a’b ( [x] +Log[cx"]) +12b°n® (-nLog[x] +Log[cx"]) +
96 ab® (-nLog[x] +Log[cx”])27
24b%n ( [X] +Log[cx”])2+32b3 (-nLog[x] +Log[cx””3) +
2d2 f2x* (32a>-24a’bn+12ab?n’-3b’n’ + 12b (8a?-4abn+b*n?) Log[cx"] -

-nLog[x

-nLog[x

240 (-4a+bn) Log[cx“]erBZb3 Log[cx”]3) Log[1+dfx?| -
2(32a3—24a2bn+12ab2n2—3b3n3+48ab2n(nLog[ ] - Log[cx"]) +
96a’b (-nlog[x] +Log[cx"|) +12b®n? (-nLog[x] +Log[cx"]) +
96 ab® (-nLog[x] +Log[cx”])2—24b3n (-nLog[x] +Log[cx" ”2+
32b% (-nLog[x] +Log[cx“])3) Log[1+dfx?] -
24bn(8a2—4abn+b2n2+4b2n(nLog[x}—Log[cx”])+
16ab(7nLog[x]+Log[cx”])+8b2<7nLog[x}+Log[cx”])2)

1 1 1
(fdfxz—fdzfzx“—dw‘:x2 Log[x] + —d? f2x* Log[x] + Log[x] Log[1-1i+/d /f x] +
2 8 2

Log(x] Log[1+1i+/d +/f x] +PolyLog[2, -i+/d /f x| +PolyLog[2, i Vd /f x]
3b>n? (-4a+bn+4bnlog[x] -4bLog[cx"])
(—8dfx2+d2fzx4+16dfx2Log[x]—4d2f2x4Log[x] ~16dfx?Log[x]2 +
8d? 2 x* Log[x]? +16 Log[x]?Log[1-1i+/d V/f x| +16 Log[x]? Log[1+id /f x| +
32 Log[x] PolyLog[2, -i+/d +/f x| +32Log[x] Polylog[2, i Vd /f x| -
32 Polylog|3, —Ji\/?\/?x] - 32 Polylog|3, ]'].\/?\/?X]) +
b3 n3 (dz f2x* (3-12Log[x] + 24 Log[x]*-32Log[x]?) +
16d fx* (-3 +6Log[x] - 6 Log[x]? + 4 Log[x]?) - 64 (Log[x]%og[l-jﬁﬁx} +
Log(x]3Log[1+1i+/d V/f x] +3Log[x]?Polylog[2, -i+/d VF x] +
3 Log[x]?PolyLog|2, i v/d V/f x| -6 Log[x] PolyLog[3, -i+d V/f x| -6 Log[x]
PolyLog[3, j\/?\/?x} +6PolyLog[4, —Ji\/?\/?x} +6PolyLog[4, nﬁ\ﬁx])”

Problem 41: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

]dlx

Jx (a+bLog[cx”})3Log[d [i+fx2

Optimal (type 4, 411 leaves, 24 steps):
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Eb3n3x2—gb2n2x2 (a+bLog[cx"]) Jribnx2 (a+bLog[cx”})2—1x2 (a+bLog[cx"})3—

2 4 2 2
3b3n® (1+dfx?) Log[1+dfx?] 3b*n? (1+dfx?) (a+bloglcx"]) Log|[1+dfx?]
8df ' adf )
3bn (1+dfx?) (a+bloglcx"])?Log[1+dfx?] (1+dfx?) (a+bLloglcx"])’Log[1+dfx?]
4df : 2df '
3b3n?Polylog[2, -dfx2| 3b2n? (a+blog[cx"]) PolyLog[2, -d f x?|
8df ) adf '

3bn (a+blog[cx"])?PolyLog[2, -dfx2| 3b’n?Polylog|3, -dfx?]

adf : 8df )
3b%n? (a+blog[cx"]) Polylog|3, -dfx*| 3b*n?Polylog|4, -dfx?|

4df ' 8d-f

Result (type 4, 990 leaves):

1
— (—dw‘:x2 (4a3—6a2bn+6ab2n2—3b3n3+12ab2n (nLog[x] - Log[cx"]) +
8df

12a?b (-nlog[x] +Log[cXx"]) +6b>n? (-nLog[x] + Log[cXx"]) +12ab?
(-nLog(x] +Log[cx"])?-6b*n (~nLog[x] +Log[cx"|)?+4b> (-nLog[x] +Log[cx“])3) +
df x? (4a376azbn+6ab2n2—3b3n3+6b (2a2-2abn+b?n?) Log[cx"] -
6b> (-2a+bn) Log[cx”}2+4b3 Log[cx“]3) Log[1+dfx?| +
(4a3—6a2bn+6ab2n2—3b3n3+12ab2n (nLog[x] -Log[cx"]|) +12a’b
(-nLog[x] +Log[cx"]) +6b*n? (-nLog[x] +Log[cx"]) +12ab? (-nLog[x] +Log[cx”})2—
6b>n (-nLog[x] +Log[cx””2+4b3 (-nLog[x] +Log[cx”])3) Log[1+dfx?| +
6bn (2a2—2abn+b2n2+2b2n (nLog(x] -Log[cx"]) +4ab (-nLog[x] +Log[cx"|) +

1
—dfx*-dfx?Log[x] +Log[x] Log[1-1i~/d Vf x|+
2

Log(x] Log[1+i+/d /f x| +PolyLog[2, -i+/d V/f x| +PolyLog[2, i Vd /f x]| +

3b2n? (-2a+bn+2bnlog[x] -2bLog[cx"]) (dfxz—zd-FXZLog[x} +
2dfx?Log[x]%-2Log[x]?Log[1-1i+/d V/f x| -2Log[x]?Log[1+i+d VF x| -
4 Log[X] PolyLog[Z, —j\/F\/?x} -4 Log[X] PolyLog[Z, jﬁﬁx] +
4PolyLog[3, —J‘L\/?\/?x} +4PolyLog[3, jﬁﬁx]) +
b3 n3 (dfxz (3-6Log[x] +6Log[x]*-4Log[x]?) +4 (Log[x]3Log[1—j\H\Fx] +
Log(x]3Log[1+i+/d v/f x] +3Log[x]?Polylog[2, -i+/d V/f x] +
3Log[x}2PolyLog[2, j\/?\/?x} -6 Log[X] PolyLog[3, —Ji\/?\/?x} -6 Log[x]
Polylog[3, i v/d F x] +6PolyLog[4, —i~/d /F x| +6PolyLog|4, j«/&“x/?’x])))

2b% (-nlog[x] +Log[cx"] )2)
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Problem 42: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(a+bLog[cx”])3Log[d (i+'FX2)]

dx
X

Optimal (type 4, 101 leaves, 4 steps):

1 (a+bLog[cx””3PolyLog[2, ~dfx?] + ibn (a+blog|c x"”zPolyLogP, ~dfx?] -
2 4

ib2 n’ (a+blog[cx"|) PolyLog[4, -d fx?] + Eb3 n®PolylLog|[5, -d f x?|
4 8

Result (type 4, 754 leaves):
1 (—Log[x} (b3 n® Log[x]®-4b>n®Log[x]? (a+blog[cx"]) +
4

6bnLog[x] (a+bLog[cx“])2—4(a+bLog[cx“])3) Log[1+dfx?] -
4 (a-bnLog[x] +bLog[cx”])3 (Log[x} (Log[l—j\/?\/?x} +Log[1+1‘1x/?x/?x}) +
PolylLog([2, -i+/d V/f x] +PolyLog|2, i /d /f x }) -6bn
(a-bnLog[x }+bLog[cx”])2(Log[ 12Log[1-1i+/d /f x| +Log[x]?Log[1+i+/d /f x|+
2 Log[x] PolyLog[2, -i+/d v/f x| +2Log[x] PolyLog[2, i Vd /f x] -
2PolyLog|3, -i+/d V/f x| -2PolyLog|3, 1\/_\/?x])+4b2 n?
(-a+bnLogx] -blog[cx"]) (Log[x]3Log[ 1-i+/d Vf x| +Log(x]?Log[1+i+d Vf x|+
3 Log[x]?PolyLog[2, -i+/d /f x| +3Log[x]?PolyLog[2, i Vd VF x] -
6 Log[x] PolyLog|[3, -i+/d +/f x] - 6Log[x] PolyLog[3, i Vd Vf x| +
6 PolyLog[4, -i+/d V/f x| +6PolyLog|4, J].\/F\/?X]) -
b3 n3 (Log[x]“Log[ 1-i+/d VF x | +Logx]* Log[1+i\/?\/?x]+
4 Log(x]3Polylog[2, -i~/d vV x] +4Log[x]?Polylog[2, i /d VF x] -
12 Log[x]2 Polylog[3, -i+/d Vf x| - 12 Log[x]?PolyLog|3, i Vd V/F x| +
24 Log[x] PolyLog (4, -i+/d +/f x| + 24 Log[x] PolylLog[4, i \/d /f x| -
24 Polylog[5, -i+/d /f x| - 24 PolyLog|5, Ji\/?\/?x]))

Problem 43: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J‘(aerLog[cx”])?‘Log[d (iJr'FXZ)]

dx

x3

Optimal (type 4, 425leaves, 15 steps):
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3 3
=b>dfn®Log[x] - ~b*dfn?Log|l+
4 4 d f x?

] (a+blog[cx"]) -

3 , 1
—bdfnlLog|l a+blog|cx" - —dflLog|1
4 g[ +d'Fx2}< : g[ ]) 2 g[ +d'Fx2

§b3dfn3 Log[1+dFx7] - 3b3n® Log[1+dfx?| ) 3b%n? (a+blog[cx"]) Log[1+dfx?] )

] (a+bLog[cx”])3—

8 8 x? 4 x?
3bn (a+bloglcx"])®Log[1+dfx?] (a+bLloglcx"])’Log[1+dfx?]
- +

4 x2? 2 x?
3 1 3 1
~b*>dfn®Polylog|2, - | + =b*dfn? (a+blog[cx"]) Polylog[2, - |+
8 dfx?" 4 dfx?
3 , 1 3 1
~bdfn (a+blog[cx"|)*PolyLog|2, - | + =b*d fn®Polylog|3, - |+
4 df x? 8 df x?
ibzdfn2 (a+bLog|[cx"|) PolyLog|3, - |+ zb3dfn3 PolyLog|4, - ! ]
4 d f x? 8 df x?

Result (type 4, 940leaves):

1
= [2deog[x1 (4a3+6a2bn+6ab2n2+3b3n3+12a2b (-nLog[x] +Log[cx"]) +
8

12ab’n (-nlog[x] +Log[cx"|) +6b>n* (-nlLog[x] +Log[cx"|) +12ab?
<—nLog[x]+Log[cx"])2+6b3n<—nLog[x}+Log[cx”])2+4b3 (—nLog[x]+Log[cx“])3)—
%(4a3+6a2bn+6ab2n2+3b3n3+6b<2a2+2abn+b2n2> Log[cx"] +
X
6b> (2a+bn) Log[cx“]2+4b3Log[cx"}3) Log[1+dfx?| -
d-F(4a3+6a2bn+63b2n2+3b3n3+12a2b(—nLog[x]+Log[cx”})+12ab2n
(—nLog[x}+Log[cx”])+6b3n2(—nLog[x}+Log[cx”])+12ab2(—nLog[x]+Log[cx””2+
6b3n(7nLog[x]+Log[cx””2+4b3<7nLog[x}+Log[cx”])3) Log[1+dfx?] +
6bdfn(2a2+2abn+b2n2+4ab(—nLog[x}+Log[cx”])+
2b*n (-nLog[x] +Log[cx"]) +2b? (—nLog[x}+Log[cx”])2)
(Log[x} (Log[x} —Log[l—j\/?\/?x] —Log[lﬂi\/?\/?x]) -
PolyLog[Z, —j\/?\/?x] —PolyLog[Z, j\/?\/?x” +
Log[x]3® 1

7—Log[x]2Log[1fj\/?\/?x] -

12b’dfn® (2a+bn-2bnLlog(x] +2blog[cx"]|) (
3 2

1Log[ 12 Log[1+1i+/d Vf x| - Log[x] PolyLog[2, -i/d Vf x] -
2

Log[x] PolyLog[2, i+/d /f x| +PolyLog[3, -i+/d V/f x| +PolyLog[3, i /d /f x|| +

2b3dfn3(Log[x]4—2Log[x]3Log[ 1-i+/d VFf x| -2Log(x]?Log[1+1i+/d /f x] -
6 Log[x]?Polylog[2, -i/d /¥ x| - 6Log[x]?PolyLog[2, i Vd /F x] +
12 Log[x] PolyLog|[3, -i+/d +/f x| + 12 Log[x] PolylLog[3, i Vd /f x| -

12 Polylog[4, -i+/d +/f x| -12PolyLog[4, i \/?\/?x])
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Problem 63: Result more than twice size of optimal antiderivative.

dx
3

J\Log[d (iﬂcx/;)} (a+bLog[cx"])3

X

Optimal (type 4, 849 leaves, 34 steps):

175b3dfn® 45b3d?>f2n3 255b3d3f3n3 3
- + - + = b d* 4 n? Log[1+dfV/x | -
216 x3/2 16 x 8/x 8

3b3n3Log|1+df/x 3 3
el } - —b3d*f*nd Log[x] + —b3d* f*nd Log[x]?%-

8 x2 16 16
37b%dfn? (a+blog[cx"]) 21b2d?f2n? (a+bloglcx"]) 63b>d*f>n? (a+bloglcx"])
+ - +
36 x3/2 8 X 4&
3b%n%L 1+df bL n
ibzd“-F“nzLog[1+d-F\/;] (a+bLlog[cx"]) - n* Log[1 - \/;2] (a+ og[cx})i
4 4%
7bdf bL "1)?  9bd?f? bL n)?
ibzd“f“nZLog[x} (a+bLog[cx"]) - n (a+bLoglcx") + n(a+blogcx']) -
8 12 x3/2 8 x
15bd? 3 bL ny)2
n (a-bloglcx']) +ibd4f“nLog[1+df\/?} (a+bLog[cx”])2—
4~/x 4
sbntog[tedfyix] (a+bloglex)® 1oy oo ,oys A [2bLoBICx)?
4 x? 8 6 x3/2
d?f? (a+bl ") a3 bL ")?
(a+blog[cx"]] - (a+bloglcx") +1d4F4Log[1+df&] (a+bLog[cx””3—
4 x 2\/? 2
Log[1+df~/x ] (a+bLoglcx"])?® d*f* (a+bloglcx"])*
- +
2 x? 16bn

2 b dt £ 3 Polylog[2, -df+/x | +3b?d*f*n? (a+blog[cx"]) PolyLog[2, ~df/x | +
2

3bd*f*n (a+bLog[cx”})2PolyLog[2, —df\/?} - 6b®d* f*n® PolyLog|3, —d-F\/;] -
12b?d* f*n? (a+bLog[cx"]) PolyLog|3, ~df+/x | +24b*d* f*n®Polylog[4, -df/x |

Result (type 4, 2009 leaves):
aldf 7a’bdfn 37ab?dfn? 175b3dfn® a3d?’f?2 9a2bd?f’n

- + + +
6 x3/2 12 x3/2 36 x3/2 216 x3/2 4x 8 x

21ab?2d?f2n2 45b3d2f2n3 a3d3f3 15a?bd®*f>n 63ab2d®f3n? 255b3d3f3n3
N _ _ _ _

8 x 16 x 2% a~x 4~/x 8/x

1 3 3
—a’d*f log[1+df+/x |+ ~a’bd*finlog[1+df+/x | + ~ab?d*f*n’Log[1+df~/x |+
2 4 4
3 adlog|1+dfx 3a?bnlog[1+dfx
=b*d*f4n?Log[1+df/x | - dl ]7 gl ],
8 2x2 4 x?
3ab2n2log|1+dfx 3b3n3Log|1+df/x 1

el ]7 el ]7—a3d4F4Log[x}f

4 x2 8 x? 4

+




16 | Mathematica 11.3 Integration Test Results for 3.1.5 u (a+b log(c x~n))”p.nb

3 3 3 3
=—a’bd*f*nlog[x] - —ab?d*f*n?Log[x] - —b3>d*f*n3Log[x] + —a’bd*f*nLog[x]?+
8 8 16 8

3 3 1 1
—ab?d*f*n?Log[x]?+ —b3d*f*nd Log[x]%- —ab?d*f* n?Log[x]3 - —b3d*f*ndLog[x]3+
8 16 4 8

1 1
~b?d* f*n® Log[1+ | Log[x]®- = b>d*f*n®Log[1+df/x | Log[x]?+
2

2 df/x
1 a’bdfLogl[cx" 7ab?dfnLoglcx" 37b3d fn? Log[c x"
L o3t n® Log[x]* glex"] glex"] glcx"] .
8 2 X3/2 6 X3/Z 36 X3/2
3a2bd?f2Log[cx"] 9ab?d*>f’nlog(cx"] 21b3d?f2n?Log[cx"]

+ + -

4x 4x 8 x

3a2bd®f3Log[cx"] 15ab?d®>f3nlog[cx"] 63b3d3f3n?Log[cx"]

- - +

2+/x 2+/x 4+/x
3 3
~a’bd*f*Log[1+df/x | Log[cx"| + =ab2d*f*nLog[1+df~/x | Log[cx"] +
2 2
3 3a2blog|[1+df/x | Log[cx"]
=b*d*f*n?Log[1+df~/x | Log[cx"] - gl | Log _
4 2 x2
3ab?nlog[1+df+/x | Loglcx"] 3b3n?Log[1+df+/x ] Loglcx"]
2 x2 4 x?

3 3 3
~a?bd* f* Log[x] Log[cx"| - = ab?d* f*nLog[x] Log[cXx"| - = b d*f* n? Log[x] Log[cx"] +
4 8

4
3 2 44 4 2 3 3 44 ¢4 .2 2 1 3 44 ¢4 .2 3
=~ab?d*f*nlLog[x]?Log[cx"| + = b*d*f*n? Log[x]? Log[cx"| - = b®d* f*n? Log[x]? Log[c X"| -
4 8 4
ab?dflog[cx"]?2 7b3dfnlog[cx"]? 3ab?d?>f?2Logl[cx"]?2 9b3d?>f2nLog[cx"]?
_ . + _

2x3/2 12 x3/2 4x 8 x

3ab?d®f3Log[cx"]?2 15b3d®f3nLog[cx"]?

+iab2d4-F4L0g{1+d'F’\/7] LOg[CXn]2+
2+/x 4~x 2
3ab?lL 1+df L ni2
zb3d4.f:4n|_og{1+df\/;} Log[cx”]z_ a og{ + \Z/Y} oglcx"] )
N 2 X

3b3nLlog|l1+df+/x | Log[cx"]?2 3 3
dl | Loglcx"] - =~ ab?d*f* Log[x] Log[cx”]z——b3d4f4nLog[x1 Log[cx“]2+
8

4 x2 4

3 b3dfLog[cx"]® b3d?>f%Log[cx"]3
—b3d4f4nLog[x]ZLog[cx”]z— glcxl + glex]
3 6 x3/2 4%
b3 d3 f3 L ni3  q b3 Log[1+df+x | Log[cx"]3

oglcx] +fb3d4-F4Log[1+dF\/?]Log[cx”rf el | Loglex"] -
2/x 2 2 x2

1

|+

df/x

zbd“f“n (2a2+2abn+b2n2—2b2n2Log[x}2+2b (2a+bn) Log[cx"] +2b2Log[cx”}2)
2

1
= b3 d* f* Log[x] Log[c x"] > _3b3d*f*n’ Log[x]> Polylog|2, -
a4

— |
df/x

12 ab?d* f* n? Polylog[3, -d f/x | - 6b>d* f*n?Polylog[3, -df+/x | +
12b% d* 4 n® Log[x] Polylog[3, -d f+/x | -

PolylLog[2, -d f+/x | -12b*d* f* n® Log[x] PolyLog|[3, -
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1

df~/x

12b° d* f* n? Log[c x"] PolylLog[3, -d f+/x | - 24 b* d* f* n’ PolyLog|[4, -

]

Problem 64: Result more than twice size of optimal antiderivative.

J\(a+bLog[cx”])4Log[d (iﬂcxm)}

dx
X

Optimal (type 4, 137 leaves, 5steps):
(a+blog[cx"])*PolyLog[2, -dfx"]

+
m
4bn (a+bloglc x”])3PolyLog[3, -dfx"] 12b’n? (a+blog|c x”})zPolyLog[4, -dfx"
- +
n3

m?

24 b3 n3 (a+bLog[c x”]) PolyLog[5, -dfx"] 24 b*n*PolyLog[6, —df x"]

m* m°
Result (type 4, 1700 leaves):

4 6

2 3 6 1
-—a*bmnLog[x]3+=a?b?mn?Log[x]*- —ab3>mn3Log[x]°+ = b*mn*Log[x]® -
2 5 3

3
6

2a?b?mnLog[x]®Log[cx"] +3ab>mn? Log[x]*Log[cx"] - —b*mn®Log[x]® Log[c x"] -
5

3 2
2ab3anog[x}3Log[cx”]2+ = b*mn? Log[x]“Log[cx”]z— —b4anog[x}3Log[cx”]3—
2 3

-m -m -m

X X
2a’bnlog[x]?Log[1+ ——]| +4a?b*n?Log[x]®Log[1+ =] -3ab>n?Log[x]*Log[1+ —] +
df df df
4 xm -m
—b*n* Log[x]° Log[1+ ——] -6a?b*nLog[x]?Log[cx"| Log[1+ ~—] +
5 df df
m m

8ab’n? Log(x]? Log[cx"] Log[1+ %} -3b*n?Log[x]* Log[c x"] Log[1 + %] -

] _

6ab’nLog[x]?Log|c x”]2 Log[1 + ::} +4b*n? Log[x]> Log|c x“]z Log[1 + d:

-m

2b4nLog[x]zLog[cx"]3Log[1+sz} +2a*bnlog(x]?Log[1+dfx"]| -

4a’b’n? Log[x]>Log[1+dfx"] +3ab’n’Log[x]*Log[1+dFfx"]| -
4 a*Log[-dfx"] Log[1+dfx"
fb4n4L0g[X}5Log[1+dem]+ gl J Log(l~ I
5 m
4a3bnlog[x] Log[-dfx"] Log[1l+dfx"] 6a?b?n?2Llog[x]%Log[-dfx"] Log[l+dfx"]
+ _
m m

4ab3n3Log[x]3Log[-dfx"] Log[l+dfx"] b*n*Log[x]*Log[-dfx"] Log[1l+dfx"]
+

+
m m

6a?b?nlog[x]?Log[cx"] Log[1+dfx"] -8ab®>n?Log[x]>Log[cx"| Log[1+dfx"] +
4a3blog[-dfx"] Log[cx"] Log[1+dfx"
3b*n’ Log[x]* Log[cx"] Log[1+dfx"] + Al J Loglcx] Log[1+ L
m

12 a?2b?nLog[x] Log[-dfx™] Log[c x"] Log[1l+dfx"]

+
m
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12 ab3n? Log[x]?Log[-dfx"] Log[cx"] Log[1l+dfx"]

m
4b*n3 Log[x]3 Log[-dfx"] Log[cx"] Log[1+dfx"]

+6ab3nLOg[X]2L0g[an}2Log[ler.FXm]7
m
6a2b?L -dfx"] L N2 1+dFfxm
4b*n? Log[x]®Log[cx"]* Log[1+dfx"] + a’b®Llog[-dfx"] Log[cx"]*Log[l+dfx"]
m

12 ab3nlLog[x] Log[-dfx"] Log[cx"]?Log[1l+dfx"

+
m

6b*n? Log[x]2Log[-dfx™] Log[cx"]2Log[1l+dfx"]

+
m

4abdL -dfx"] L ni3 1+dfxm
2b4r1LOg[X]ZLog[c)(“]3|_0g[:|_+c|.[:xm]Jr a ogl x"] Log[cx"]3? Log[1 + X" )
m

4b*nlog[x] Log[-dfx"] Log[cx"]3Log[1+dfx"] b*Log[-dfx"] Log[cx"]*Log[1l+dfx"
+

m m

lbn Log[X] (—b3 n® Log[x]®+4b>n®Log[x]* (a+blog[cx"]) -
m
-m

6bnLog[x] (a+bLog[cx“])2+4 (a+bLog[cx”])3) PolyLog|2, 7X—} +

df
(a-bnlog(x] +bLog[cx"] )4P01yLog[2, 1+dfx"] 4a*bnPolylog|3, —ﬁ]
m " 2 "
12a2b?nLog[cx"] PolyLog|3, 7ﬁ} 12ab3nlLoglcx"]2PolyLog|3, J;-{]
+ +
m? m2
4b*nLog[cx"]? Polylog|3, —ﬁ] ) 12 a?b% n? Polylog|4, —ﬁ] )
m? m3
24 ab3n? Log[c x"] PolyLog[4, —ﬁ} 12b%*n? Log(c x”]ZPolyLog[4, J(;—{]
+
m3 m3
24 ab?n? Polylog|5, —ﬁ] ) 24 b* n® Log[c x"] Polylog|5, _ﬁ] ) 24 b* n* Polylog|6, _ﬁ]
m* m? nS

Problem 65: Result more than twice size of optimal antiderivative.

J(a+bLog[cx”])3Log{d (i+fxm)}

X

dx

Optimal (type 4, 105leaves, 4 steps):
(a+blLlog[cx"] )3 Polylog[2, -dfx"] 3bn (a+bLlog[cx"] )2 PolyLog[3, -df x"]

+ -
2

m m
6 b2 n? (a+bLog[c x“}) PolylLog[4, -dfx"]  6b3n3PolyLog[5, -dfx"]
+

m3 m*

Result (type 4, 1035 leaves):
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1 3 3
-=—a’bmnLog[x]3+ =ab?mn?Log[x]*- —b3>mn?Log[x]° -
2 4 10

3 1
ab?mnLog(x]?Log[cx"| + =b>mn? Log[x]*Log|[cx"]| - —b3anog[x]3Log[cx“}2—
4 2

3 xm XM 3 -m
~a’bnlog[x]?Log[1+ ] +2ab’®n?Log[x]?Log[1l+ —] - =b>n’Log[x]*Log[1+—] -
2 df df 4 df

“m -m
3ab?nLog[x]?Log[cx"] Log[1+ dif} +2b*n? Log[x]> Log[cx"] Log[1+ di'F] -

ib3nLog[x}zLog[cx”]zLog[1+);;:} +§a2anog[x]2Log[1+d-Fx’"} -
2 2

a3 Log[-dfx"] Log[1+dfx"]

3
2ab?n?Log(x]>Log[1+dfx"| + =b>n’Log[x]*Log[1+dfx"] +
4 m

3a2bnlog[x] Log[-dfx"] Log[1+dfx™] 3ab?n?Log[x]2Log[-dfx"] Log[1+dFx"]
+

m m
b3 n3 Log[x]3Log[-dfx"] Log[1l+dfx"]

+3ab?nLlog(x]?Log|[cx"] Log[1+dfx"] -
m
3a’blog[-dfx"] Log[cx"] Log[l+dfx"
2b°n? Log[x]? Log[cx"] Log[1+dfx"| + gl J Loglcx] Log[1+ L _
m

6ab2nlog[x] Log[-dfx"] Log[cx"] Log[1+dFx"]

+
m

3b3n?Log[x]?Log[-dfx"] Log[cx"] Log[1l+dfx"]

.
m

3 3ab?Log[-dfx"] Log[cx"]2Log[1+dfx"

—b3nLog[x}zLog[cx“]zLog{1+dfxm}+ gl J Loglex]Log[1+ 1 _

2 m

3b3nlLog[x] Log[-dfx"] Log[cx"]?2Log[1l+dfx"] b3Log[-dfx"] Log[cx"]3Log[1+dFx"]
+

m m

bnLog[x] (bz n’Log(x]?-3bnLlog(x] (a+blog[cx"])+3 (a+bLlog|c x”])z) PolyLog|2, 7:

(a-bnlLog[x] +bLog[c x”])3PolyLog[2, 1+dfx" . 3a?bnPolylog|3, ’%] N
2

m m

6ab2nLog[cx"] PolylLog|3, —ﬁ] 3b3nLog[cx"]2Polylog|3, —ﬁ}
+ +

m?2 m?

6 ab?n?PolylLog [4, - ﬁ} 6 b3 n? Log[c x"] PolyLog [4, - ﬁ] 6 b3 n3 PolylLog [5, - ﬁ]

+ +

m3 m3 m*

Problem 66: Result more than twice size of optimal antiderivative.

J‘(aerLog[cx”])zLog[d (im‘x"‘)}

X

dx

Optimal (type 4, 73 leaves, 3 steps):

| 19

1
=
m

+
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(a+blogfcx"] )ZPolyLog[Z, -dfx"]
- +
m
2bn (a+bLog[c x”]) PolyLog[3, -dfx"] 2b2n2PolylLog[4, -df x"]

m?2 m3

Result (type 4, 526 leaves):

1 1 1
-—abmnLog[x]®+ =b?mn?Log[x]*- = b?mn Log[x]®Log[cXx"] -
3 4 3

aanog[x]zLog[1+ﬂ} +Eb2n2 Log[x]3Log[1+ﬂ} -b?nlLog[x]?Log[cx"] Log[1+ﬂ} +
df 3 df df

2 a?log[-dfx"] Log[l+dFfx"
abnlog(x]?Log[1+dfx"| - =b?n?Log[x]>Log[1+dFfx"]| + el x7) Log[1 +d T x7]
3 m

2abnlog[x] Log[-dfx"] Log[1+dfx"] b?n?Log[x]2Log[-dfx"] Log[1l+dfx"]
+

+
m m

2ablog[-dfx™] Log[cx"] Log[1l+dfx"]

b?nLog[x]?Log[cx"| Log[1+dfx"]| +

m

2b%2nlLog[x] Log[-dfx"] Log[cx"] Log[1+dfx"] b2Log[-dfx"] Log[cx"]?Log[1+dTfx"]
+ +
m m
bnlog(x] (-bnlog[x] +2 (a+blog[cx"])) PolyLog|2, —zf}

+
m

(a-bnLog[x] +blog[cx"])?PolyLog[2, 1+dfx"] . 2abnPolylog|3, ’Z:] .

m m2

2 n _xt 2 n2 _x"
2b2nLoglcx"] PolylLog|3, df} ) 2b2n? PolyLog|4, df]

m? m3

Problem 67: Result more than twice size of optimal antiderivative.

J\(aerLog[cx”]) Log|[d (i+fxm)}

X

dx

Optimal (type 4, 40leaves, 2 steps):
(a +bLog[cx"] ) PolyLog[2, -dfXx"] bnPolyLog[3, —-dfx"]
- +

m m?2

Result (type 4, 207 leaves):
1 7bm3nLog[x}373bm2nLog[x]2Log[1+;m} +3bm?nLog(x]?Log[1+dfx"| +
6 m? df
6amlog|-dfx"| Log[1+dfx"] -6bmnLog[x] Log[-dfx"| Log[1+dfx"]| +

-m
6bmLog[-dfx"| Log[cx"] Log[1+dfx"] +6bmnLog[x] PolyLog|2, —:7} +

-m
6m (a-bnlog[x] +bLog|c x"]) PolyLog[2, 1+dfx"] + 6bnPolyLog|3, —);7}
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Problem 81: Result more than twice size of optimal antiderivative.

bL n1)2 Logld f£x)"
J(a+ og[cx]) og[ <e+ x) ]dlx

X
Optimal (type 4, 131 leaves, 5steps):
(aerLog[cx”])3 Log[d (e+fx)"]

3bn
m(a+blog[cx"])?Log[1+ &%
( b) [ e} —m(a+bLog[cx”})2PolyLog[2,—f—x]+
3bn e

2bmn (a+blog|[cx"]) Polylog|3, _-F_x] -2b*mn? PolyLog|4, —-F—X]
e e
Result (type 4, 329 leaves):
a’*Log[x] Log|d (e+fx)"| ~abnLog[x]*Log|d (e+fx)"| +
lb2 n’ Log[x]®Log[d (e+fx)"| +2abLog[x] Log[cx"| Log[d (e+fx)"] -
3
b%n Log[x]? Log[cx"| Log[d (e+fx)"| + b Log[X] Log[cx”]ZLog[d (e+fx)"] -

f x f x 1 f x
a’mlog(x] Log[1+ —] +abmnLog[x]?Log[1+ —] - —b*mn?Log([x]?Log[1l+ —] -
e e 3 e

2abmLog(x] Log[cx"| Log|[1 + -F_x] +b?mn Log[x]?Log[cx"| Log |1 + -F—X] -

e e
b>m Log[x] Log|c x”}z Log[1+ f_x} -m (a+bLog|c x”])ZPolyLog[z, —-F—X] +
e e
2bmn (a+blog[cx"]) Polylog|3, —-F—X] -2b*mn? Polylog|4, —-F—X]
e e

Problem 82: Result more than twice size of optimal antiderivative.

dx

J(a+bLog[cx“])2Log[d (e+Fx)"]

X2

Optimal (type 4, 248 leaves, 10 steps):
1+:;X] (a+blog[cx"]) 7-FmLog[1+:;X] (a+bLog[cx“]>2

2b2fmn? Log[x] 2bfmnLog|

e e e

2b2fmn2logle+fx] 2b>n?2log[d(e+fx)"] 2bn (a+bloglcx"]) Log|d (e+fx)"]

e X X
(a+bloglcx"])?Log[d (e+fx)"] . 2b%fmn?Polylog|2, ‘i} .

X e
2bfmn (a+bLloglcx"]) PolyLog|2, —:7] 2b2 fmn?PolyLog|3, —i}

+
e e

Result (type 4, 600 leaves):



22 | Mathematica 11.3 Integration Test Results for 3.1.5 u (a+b log(c x~n))”p.nb

- -3a’fmxLog[x] -6abfmnxLog[x] -6b>fmn?xLog[x] +3abfmnxLog[x]?+
3ex

3b2fmn®xLog(x]?-b?fmn’xLog(x]®-6abfmxLog[x] Log[cXx"| -

6b’ fmnxLog[x] Log[cx"| +3b2fmnxLog[x]?Log[cx"] -3b?fmxLog[x] Log[cx“}2+
3a’fmxlogle+fx] +6abfmnxLlogle+fx]+6b2fmn?xLog[e+fx] -
6abfmnxLlog[x] Log[e+fx] -6b2fmn?xLog[x] Log[e+fx] +
3b2fmn’xLog[x]?Logle+fx] +6abfmxLog[cx"| Logle+fx] +

6b?fmnxLog[cx"| Logle+fx] -6b2FfmnxLog[x] Log[cx"| Logle+Fx] +
3b2-meLog[cx”]2Log[e+fx} +3a’elog[d (e+fx)"| +6abenlog(d (e+fx)"] +
6b>en’log(d (e+fx)"] +6abelog[cx"| Log[d (e+fx)"] +

6b>enlog|cx"| Log[d (e+fx)"] +3b2eLog[cx“]2Log[d (e+fx)"] +

f x ) ) f x
6abfmnxLog[x] Log[1+—| +6b*fmn?xLog[x] Log[1+—]| -
e e

3b?fmn? xLog[x]?Log[1 + -F—X} +6b?fmnxLog[x] Log[cx"| Log|1 + -F—X] +
e e

6bfmnx (a+bn+bLog[cx”]) PolyLog|2, —B] -6b?fmn?xPolylog|3, —ffx}
e e

Problem 83: Result more than twice size of optimal antiderivative.

bL "1)? Log|d fx)"
J(a+ og[cx"])?Log[d (e+ X)]dlx

X3

Optimal (type 4, 344 leaves, 14 steps):

7b fmn? b?fimnlog(x] 3bfmn (a+bLoglcx"]) +b-F2anog[1+:;x] (a+bloglcx"]) )
4ex 4 e? 2ex 2¢e?

fm (a+bloglcx"])? f2mlog[1+ =] (a+bloglcx"])* pzg2pn2 Log[e + f x]
2ex ' 2 e2 ’ 4 2 N
b>n2?Log[d (e+fx)"] bn(a+bloglcx"]) Log[d (e+fx)"]
4 x? ) 2 x?
(a+bloglcx"])?Log[d (e+fx)"] b2 f2mn2 Polylog|2, ’i}
2 x? ) 2e?

bf2mn (a+bLlog[cx"]) PolyLog|2, _i] b2 f2mn? PolylLog|3, —i}

2 2

e e

Result (type 4, 796 leaves):
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1
12 e? x?
6abfimnx?Log[x] +3b2Ff*mn?x?Log[x] -6abf’mnx?Log[x]?%-
3b2F2mn?x? Log[x]%+2b? f2mn? x? Log[x]>+12abefmxLog|[cx"]| +
18b’efmnxLlog[cx"| +12ab f>mx?Log[x] Log[cx"| + 6b? f2mn x? Log[x] Log[c Xx"] -
6 b? f2mn x* Log[x]? Log[c x"] +6b2e-meLog[cx”]ZJr6b2-F2mx2 Log [X] Log[cx"]z—
6a’f’mx?Logle+fx] -6abfimnx®Logle+fx] -3b>f2mn?x?Log[e+fx] +
12abf?mnx?Log[x] Log[e+fx] +6b%>f2mn?x%Log[x] Log[e + fx] -
6b? f2mn? x? Log[x]2 Log[e + fx] -12abf2mx? Log[c x"] Log[e + f x] -
6 b’ f2mnx? Log[c x"| Log[e +fx] +12b? f2mn x? Log[x] Log[cX"| Log[e + fx] -
6 b% 2 m x? Log[cx"]zLog[e+-Fx] +6a’e?Log|d (e+-Fx)m} +6abe?nLog[d <e+fx)m] +
3b®e?n’Log[d (e+fx)"] +12abe?Log[cx"] Log[d (e+Ffx)"] +
6b2e’nLog[cx"| Log[d (e+fx)"] +6Db? e Log[cx”}zLog[d (e+fx)"] -

6a’efmx+18abefmnx+21bZefmn?x+6a%f>mx?Log[x] +

f x f x
12abf?mnx?Log[x] Log[1+ —| -6b2f*mn?x? Log[x] Log[1+ — | +
e e

6 b2 f2 m n? x? Log[x]ZLog[lJr B] -12b%2f2mnx? Log[x] Log[cx”] Log[lJr f—x] -

e e
f f
6bf’mnx’> (2a+bn+2blog[cx"|) Polylog|2, 7—X] +12b% 2 mn? x? PolylLog|3, 7—X}
e e
Problem 84: Result more than twice size of optimal antiderivative.

(a+bloglcx"])?Log[d (e+fx)"]

J dx
X4

Optimal (type 4, 420 leaves, 19 steps):

19b2fmn? 26b2f2mn? 2b2f3mnlog(x] 5bfmn (a+bloglcx"])
- + + - +

108 e x? 27 e? x 27 &3 18 e x?

8bf2mn (a+bloglcx"]) 2bf mnlLog[1+ :;X} (a+blog[cx"])

9e?x 9e3
fm (a+bloglcx"])? . f2m (a+bloglcx"])? i f2mlog[1+ i} (a+bloglcx"])? i
6 e x? 3e?x 3¢3
2b2f mn?Logle+fx] 2b*n?Log[d (e+fx)"] 2bn (a+bloglcx"]) Log[d (e+Ffx)"]
27 &3 27 x3 9 x3
(a+bloglcx"])?Log[d (e+fx)"] 2b% > mn? Polylog|2, —:;X}
+ +
3x3 9¢e3

2bf3mn (a+blog[cx"]) Polylog|2, —:;X] 2b2 f3mn? Polylog|3, —:;X]
+
3e3 3e3

Result (type 4, 909 leaves):
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- —————— |18a%e’fmx+30abe’fmnx+19b%2e’fmn®x-36a2efimx?-
108 e3 x3

96abef’mnx?-104b’efimn?x?-36a>f>mx3Log[x] -24abf>mnx3 Log[x] -
8b2f3mn? x3 Log[x] +36abf>mnx3Log[x]%+12b%>f>mn?x3 Log[x]?-
12b? 3 mn? x> Log[x]>+36abe? fmxLog[cx"| +30b%e? fmnx Log[cXx"| -
72abef’mx?Log[cx"] -96b% e f2mnx? Log[cx"| -72abf>mx® Log[x] Log[c x"] -
24b? £2mnx? Log[x] Log[cx"] +36b? 2 mn x> Log[x]? Log[c x| +
18b2e21"mxLog[cx”]z—36b2e1‘:2mx2 Log[cx“}2—36b2f3mx3 Log[X] Log[cx“]2+
36a2f>mx3Logle+fx] +24abfPmnx®Logle+fx] +8b2f>mn?x3Log[e+fx] -
72abf>mnx3Log[x] Log[e + fx] -24b2f>mn? x> Log[x] Log[e+fx] +

36 b? f2mn? x> Log[x]? Log[e + fx] +72ab > mx® Log[c x| Log[e + fx] +
24b? £ mnx? Log[cx"| Logle +fx] -72b? 2 mnx® Log[x] Log[cx"| Log[e + fx] +
36 b2 3 m x> Log[cx”}zLog[e+fx} +36a’e’Log(d (e+fx)"| +24abe’nlog[d (e+fx)"] +
8b>e*n’Log[d (e+fx)"| +72abe’ Log[cx"| Log[d (e+fx)"] +
24b”e®*nlog[cx"] Log[d (e+fx)"] +36b%e? Log{cx“}zLog[d (e+fx)"] +

f x f x
72abf mnx® Log[x] Log[1+ —| +24b? 2 mn? x> Log[x] Log[1+ —| -
e e

f x fx
36 b2 Fmn? x> Log[x]% Log[1+ — | +72b? f*mn x> Log[x] Log[c x"] Log[1+ —] +
e e

24bf>mnx® (3a+bn+3blog[cx"]|) Polylog|2, —ffx} -72b% f2mn? x3 PolyLog|3, —B]
e e

Problem 85: Result more than twice size of optimal antiderivative.

Jx (a+bLog[cx”})3Log[d (e+fx)"] dx

Optimal (type 4, 603 leaves, 34 steps):
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21ab2emn?x 45b3emn3x 3 21b3emn?x Log[cx" 9
- +=bmn®x?+ el ]—szmnzxz(aerLog[cx”})—
4f 8 f 4 4f 8

9bemnx (a+bloglcx"])?

bL ny)3
Jribmnxz(a+bLog[cx”])2+emX<aJr oglcx"]) _
4f 4 2f

3b3e?mn3 Log[e + f x]

mez <a+bLog[cx“])3+ 7Eb3n3x2Log[d (e+fx)"] +

4 8 f2 8
zb2n2x2 (a+bLlog[cx"]) Log[d (e+fx)"] —zbnx2 (a+bLog[cx“”2Log[d (e+Fx)"] +
4 4
3b2e2mn? (a+blog[cx"]) Log[1+ &
lx2 (a+bLog[cx”])3Log[d (e+fx)"] - ( ; ) [ e}+
2 4 f

3beZmn (a+bLog[cx“})2Log[1+ %‘} eZm (a+bLog[cx”])3Log[1+%]

4 f2 2 f2
3b*e?mn?Polylog |2, —%} 3b?e?mn? (a+bLlog[cx"]) PolylLog|2, —%}

N _
4 f2 2 f2
3be?mn (a+bloglcx"])?PolyLog|2, —%X} 3b*e?mn?Polylog|3, —%]
- +
2 f2 22
3b%e?mn? (a+blog[cx"]) PolyLog|3, —’%} 3b%e?mn? PolyLog|4, —%}

.FZ .FZ

Result (type 4, 1431 leaves):



26 | Mathematica 11.3 Integration Test Results for 3.1.5 u (a+b log(c x~n))”p.nb

81? 4a%efmx-18a’befmnx+42ab’?efmn?x-45b3efmn®x-

2 F2mx?+6a’bfmnx?-9ab?f mn*x*+6b>F2mn3x?+12a’befmxLog[cx"| -
36ab’efmnxLlog[cx"] +42b>efmn?xLog[cx"| -6a%bf mx?Log|cx"] +
12ab2-F2mnx2Log[cx”]—9b3f2mn2x2Log[cx”]+12ab2e~meLog[cx”}2—
18b3e1°mnxLog[cx“}z—sabzfzmxzLog[cx”}2+6b3fzmnx2Log[cx”]2+
4b3e-meLog[cx“]3—2b3-F2mx2Log[cxnr—4a3e2mLog[e+-Fx]+6a2be2anog[e+~Fx]—
6ab’e’mn?logle+fx] +3b%e?mn3Llogle+fx] +12a’be?mnLog[x] Log[e +fx] -
12ab%e?mn? Log[x] Log[e+fx] +6b3>e?mn3 Log[x] Log[e + fx] -
12ab%e?mn? Log[x]?Log[e+fx] +6b%>e?mn? Log[x]?Log[e+fx] +
4b*>e’mn®Log[x]®Log[e+fx] -12a’be?mLog[cx"] Log[e + fx] +
12ab’e’mnLog[cx"| Log[e +fx] -6b*e?mn? Log[cXx"| Logle+ fx] +
24ab?e’mn Log[x] Log[cx"| Log[e +fx] -12b*e’mn? Log[x] Log[cx"| Log[e + fx] -
12b3ezmn2Log[x}2Log[cx”]Log[e+fx]—12abZeZmLog[cx“}2Log[e+Fx}+
6b3e2mnLog[cx”]zLog[e+-Fx]+12b3e2anog[x] Log[cx”}zLog[eJrFx]—
4b3e2mLog[cx”]3Log[e+fx]+4a3f2x2Log[d (e+fx)"] -6a’bf>nx’Log(d (e+fx)"] +
6ab’f2n’>x’Log[d (e+fx)"] -3b°f2n*>x*Log[d (e+fx)"] +
12a’b 2 x? Log[cx"| Log[d (e+fx)"| ~12ab? f>nx? Log|[c x"| Log[d (e+fx)"] +
6 b> £2n? x? Log[c x"| Log|[d <e+-Fx)'"]+12ab2-F2x2Log[cx“]2Log[d (e+fx)"] -
6b3F2nx2Log[cx”}2L g|d <e+fx)m]+4b3-F2x2Log[cx”]3Log[d (e+fx)"] -
12a’be?’mn Log[x] Log[1+fx] 12ab%e?mn? Log[x] Log[1+ffx}—

e e

f x f x
6b>e?mn’ Log[x] Log[1+ —] +12ab?e?mn? Log[x]? Log[1+ — | -
e e

f f
6 b3 e?mn’ Log[x]? Log|1 —X]—4b3e2mn3Log[ x]3 Log[1+—x]—
e e

24ab’e’mnLog[x] Log[cx"| Log[1+f—x} +12 b’ e?mn? Log[x] Log|c x"] Log[1+f—x} +
e e

12b*e?mn? Log[x]? Log[c x"] Log[1 + B] -12b%e?mnLog[x] Log|c x”}ZLog[1+ B] -
e e

6be’mn (2a2—2abn+b2n2—2b (-2a+bn) Log[cx"] +2b2Log[cx”}2) PolyLog|2, —-F—X] +
e

12b%e?>mn® (2a-bn+2bLlog|[cx"|) PolyLog|3, 7F—X} -24b%*e*mn® Polylog|4, 7F—X}
e e

Problem 86: Result more than twice size of optimal antiderivative.

J(a+bLog[cx”])3Log[d (e+Ffx)"] dx

Optimal (type 4, 473 leaves, 28 steps):
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-12ab*mn®x+18b°mn*x-6b’>mn* (a-bn) x -

18b*mn’x Log[cx"| +6bmnx (a+bLog[cx”})2—mx (a+bLog[cx“”3+

6b>emn? (a-bn) Log[e +fx]
f

6b>n’x Log[cx"| Log[d (e+fx)"] -3bnx <a+bLog[cx"])2Log[d (e+fx)"] +

6b%emn? Log[c x"] Log{1+%"]

+6ab’n’xLog[d (e+fx)"| -6b’n*xLog[d (e+fx)"]+

x (a+blog[cx"])’Log[d (e+Ffx)"] +

.F

3bemn (a+bLog[cx”})2Log[1+%"] em (a+bLog[cx“})3Log[1+%‘}
f " f ’

6 b> emn® PolyLog|2, 7‘:%‘] 6b2emn? (a+bLlog[cx"]) Polylog|2, 7‘:%‘]
f . f "

3bemn (a+bLlog[cx"])?Polylog|2, —%"] 6 b> emn* PolyLog|3, —%X}
N _

f f

6bZemn? (a+bLlog[cx"]) PolylLog|3, —%"} 6 b3 emn’ PolylLog[4, - =]
+

f f

Result (type 4, 1122 leaves):
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-a’fmx+6a’bfmnx-18ab?fmn?x+24b>fmn®x-3a’bfmxLlog[cx"| +

4k

12ab?fmnxLog[cx"] -18b%fmn? x Log[c x"| —3abzfmeog[cx”}2+6b3-anxLog[cx”}z—
b3fmeog[cx”}3+a3emLog[e+fx] -3a’bemnlogle+fx] +6ab’emn?Logle+fx] -
6b>emn’®Logle+fx] -3a’bemnlLog[x] Log[e+fx] +6ab?emn?Log[x] Log[e +fXx] -
6b>emn’Log[x] Log[e+fx] +3ab2emn?Log[x]?Log[e+fx] -3b*emn’Log[x]?Log[e+fx] -
b*emn’ Log[x]®Logle+fx] +3a’bemlog[cx"| Log[e+fx] -6ab*emnLog[cx"| Logle+fx] +
6b>emn?Log[cx"| Log[e+fx] -6ab’emnLog[x] Log[cx"]| Log[e+fx] +

6 b’ emn? Log[x] Log[cx"| Log[e+fx] +3b*emn? Log[x]? Log|[cx"] Log[e +fx] +
3ab2emLog[cx”]2Log[e+Fx] —3b3emnLog[cx”}zLog[eJr-Fx] -

3b>emn Log[x] Log[cx”]zLog[e+fx] +b3emLog[cx”]3Log[e+fx] +a’fxlog[d (e+fx)"] -
3a’bfnxLlogld (e+fx)"] +6ab>fn’xLlog[d (e+fx)"] -6b°Ffn’xLog[d (e+fx)"] +
3a’bfxLlog[cx"| Log[d (e+fx)"| -6ab’®fnxLog[cx"] Log[d (e+Ffx)"] +
6b>fn’xLog[cx"] Log[d (e+fx)"] +3ab2foog[cx”]2Log[d (e+fx)"] -
3b3-anLog[cx”]2Log[d (e+Fx)"] +b3foog[cx”]3Log[d (e+Fx)"] +

) fx ) ) f x
3a’bemnlog[x] Log[1+ —| -6ab’emn?Log[x] Log[1+ —] +
e e

f x f x
6b>emn®Log[x] Log[1+ —] -3ab’emn?Log[x]?Log[l+ — | +

e e
f x f x

3b%emn®Log[x]?Log[1+ —| +b*emn’ Log[x]® Log[1+ —| +
e e

6ab’emnLog[x] Log[cx"| Log[1+ f_x] -6b’>emn? Log[x] Log|[cx"| Log[1 + f_x] -
e e

3b%emn? Log[x]?Log[cx"| Log[1 + -F—X] +3b3emnLog[x] Log[cx”]zLog[1+ -F—X] +
e e

3bemn (azfzabn+2b2n2+2b (a-bn) Log[cx"] +b2Log[cx”}2) PolyLog|2, ;F—X] -
e
f x

6b’emn? (a-bn+blog[cx"|) Polylog|3, —-F—X] +6b*emn®PolyLog|4, - — |
e e

Problem 87: Result more than twice size of optimal antiderivative.

bL ") Log|d fx)"
J(a+ oglcx"])’ Log|d (e+ X)]dlx

X

Optimal (type 4, 161 leaves, 6 steps):

(a+bloglcx"])*Log[d (e+fx)"] m (a+bLog[cx”})4Log[1+%‘}
4bn 4bn
3 f x 2 f x
m (a+bLlog[cx"])®Polylog[2, -—] +3bmn (a+blog[cx"|)*PolyLog[3, - —| -
e e
6b>mn” (a+blog[cx"|) PolyLog|4, 7F—X} +6b>mn®PolyLog|5, 7F—X}
e e

Result (type 4, 602 leaves):
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a®Log[x] Log[d (e+fx)"] —iazanog[x]zLog[d (e+fx)"] +ab?n?Log[x]? Log[d (e+fx)"] -
2

lb3 n® Log[x]* Log[d (e+fx)"] +3a’bLog[x] Log[cx"| Log[d (e+fx)"] -
4
3ab?nlog(x]?Log[cx"]| Log[d (e+fx)"] +b>n?Log[x]?Log[cx"] Log[d (e+Fx)"] +
3ab?Log[x] Log[cx”}zLog[d (e+fx)"] - ib3nLog[x}2Log[cx”]ZLog[d (e+fx)"] +
2
b* Log[x] Log|c x”]3 Log[d (e+fx)"] -a’mLog[x] Log |1+ f_x} +
e

3 f f 1 £
~a’bmnLog(x]?Log|1+ 7X} ~ab?mn? Log[x]* Log[1+ 7X] +—b3mn? Log[x]4Log[1+l] -
2 e e 4 e

3a?bmLog[x] Log[cx"]| Log[1 + B} +3ab?mnLog([x]?Log[cx"| Log[1 + -F—X} -
e e

b>mn? Log[x]? Log[c x"| Log|1 + f_x] -3ab*mlLog[x] Log|c x”}zLog[lJr f_x] +
e e

ib3mnLog[x}ZLog[cx”]zLog[1+ -F—X] -b>mLog[x] Log[c x“}gLog[1+ f_x] -
2 e e

m (a+bLog[cx”])3PolyLog[2, —H] +3bmn (a+bLog[cx””2PolyLog[3, —B] -
e e
f x

6 ab’mn?PolylLog|4, —B] -6b>mn? Log[c x"| PolyLog|4, —B] +6b’>mn®PolyLog|[5, - —|
e e e

Problem 88: Result more than twice size of optimal antiderivative.

dx

J(a+bLog[cx”])3Log[d (e+fx)"]

x2

Optimal (type 4, 411 leaves, 14 steps):

6b> fmn? Log[X] . 6 b2 fmn? Log|1 + i} (a+blog[cx"])

e e
3bfmnlog[l+ :;X} (a+bloglcx"])? FmLog[1+:;x] (a+bloglcx"])?

e e
6b3fmn3Logle+fx] 6b>n*Log[d (e+fx)"] 6b%n? (a+bloglcx"]) Log[d (e+fx)"]

e X X
3bn (a+bloglcx"])?Log[d (e+fx)"] (a+bLloglcx"])’Log[d (e+fx)"]

- +

X X
6 b> f mn® PolyLog|2, —:;X] 6b2fmn2 (a+blog[cx"]) Polylog|2, —:;X]
e : e :
3bfmn (a+blog[c x”})zPolyLog[Z, —:4)(] 6 b> fmn® PolyLog|3, —fix}
+ +
e e

e

6b2fmn? (a+bLlog[cx"]) PolyLog|3, —i} 6 b> f mn* PolyLog|4, —K]
+
e e

Result (type 4, 1347 leaves):
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- ~4a®fmxLlog[x] -12a’bfmnxLog[x] -24ab>fmn?>xLog[x] -
4ex

24b>fmn3xLog[x] +6a’bfmnxLlog[x]?+12ab?fmn?xLog[x]>?

12b3fmn®xLog[x]2-4ab’>fmn?xLog[x]>-4b>fmn3xLog[x]>

b*fmn3x Log[x]*-12a’bfmxLog[x] Log[cx"| -24ab?fmnxLog[x] Log[cx"| -

24b> fmn?x Log[x] Log[cx"] +12ab?fmnxLog[x]?Log[cXx"| +

12b*fmn?x Log[x]%Log[cx"| -4b*>fmn?x Log[x]?Log[cx"] -

12 ab?fmxLog[x] Log[cx”]z—lzbsfmnxLog[x} Log[cx”]z+6b3-anxLog[x]2Log[cx”}z—

4b>fmxLog[X] Log[cx”r+4a3fmeog[e+fx]+12a2bfmnxLog[e+fx]+

24ab’fmn?xlogle+fx] +24b3fmn®xLlogle+fx]-12a’bfmnxLog[x] Log[e +fx] -

24ab*fmn?xLlog[x] Log[e+fx] -24b3fmn3xLog[x] Log[e+fx] +

12ab?fmn?xLlog[x]?Logle+fx] +12b3fmn3>xLog[x]%Log[e+fx] -

4b>fmn®xLogx]>Logle+fx] +12a’bFfmxLog|cx"| Log[e+fx] +

24ab?*fmnxLlog[cx"| Log[e+fx] +24b>fmn?xLog[cx"]| Log[e+fx] -

24ab?fmnxLlog[x] Log[cx"]| Log[e+fx] -24b>fmn?xLog[x] Log[cX"]| Log[e +fx] +

12b* fmn? x Log[x]? Log[c x"] Log[e + f x] +12ab2-meLog[cx”]2Log[e+-Fx] +

12b3fmnxLog[cx“]2Log[e+fx]—12b3fmnxLog[x} Log[cx”}zLog[e+fx}+

4b3-meLog[cx”]3Log[e+-Fx}+4a3eLog[d (e+-Fx)m}+

12a’ben Log[d (e+fx>m}+24ab2en2Log[d (e+Fx)"‘]+24b3en Log|[d (e+-Fx)m}+

12a’belog|cx"| Log[d (e+fx)"| +24ab2enLog[cx”} Log[d (e+fx)"] +

24b*en? Log[c x"| Log[d (e+Fx)m]+12ab2eLog{cx”} Log[d (e+fx)"]

12b3enLog[cx”}2Log[d (e+fx)'“]+4b3eLog[cx”]3Log[d (e+fx)"] +
f x

2 fx 2 2 2
12 a“bfmnxLog[x] Log[lJr }+24ab fmn®xLog[x] Log[lJr ]+
e e

+

f x f x
240> fmn’x Log[x] Log[1+ —| -12ab?fmn?x Log[x]?Log[1+ —]| -
e e

f f
12b3-an3xLog[x]2Log[1+—X] +4b*fmn®xLog[x]?Log[1+ —X] +
e e

24ab?fmnxLog(x] Log[cx"] Log[1+3] +24b%fmn? x Log[x] Log[cx"] Log[1+ 'Fix} -
e e

12b® fmn? x Log[x]? Log[c x"| Log[1 + -fo} +12b3fmnxLog[x] Log[cx“]zLog[lJrf—X] +

e e
12bfmnx (a2+2abn+2b2n2+2b (a+bn) Log[cx"] +b? Log[cx“]z) PolyLog|2, 7F—X} -
e
f x f x
24b>fmn’x (a+bn+blog[cx"|) PolyLog|3, - — | +24b> fmn’ x Polylog[4, - — ]
e e

Problem 89: Result more than twice size of optimal antiderivative.

+bL n1)3 Logld (e+fx)"
J(a og[cx"]) og| (e+fx) ]dlx

x3

Optimal (type 4, 555 leaves, 22 steps):
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453 fmn3  3b3f2mn3Log[x] 21b’>fmn? (a+bloglcx"])
- - +

8ex 8 e? 4ex

3b%f2mn”Log[1+ ] (a+bloglcx"]) ~9bfmn (a+bloglcx"])? .
4 e? 4ex

e

3bf2mnLog|[1+ E] (a+bloglcx"])? fm (a+bloglcx])>

N
4 e? 2ex

3
f2mLog|1+ i} (a+bloglcx"]) ) 3b3f2mn’ Log[e + f X] )
2e? 8 e?

3b*n®Log[d (e+fx)"| 3b2n% (a+blog[cx"]) Log[d (e+fx)"]

8 x2 4 x2

3bn (a+bloglcx"])?Log[d (e+fx)"] (a+bloglcx"])’Log[d (e+fx)"]

4 x2 2 x?

36° € mnt Polylog[2, - £]  3b*#imn? (a+blog(cx]) Polylog[2, - &]

4 e? 2e2
3bf2mn (a+blog[cx"])?PolyLog|2, —i} 3b3 f2mn* PolyLog|3, —i]

2e? 2e?
3b2f2mn? (a+blog[cx"]) PolylLog|3, —i} 3b% f2mn? PolyLog|4, —i}

e? e?

Result (type 4, 1736 leaves):
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s 4alefmx+18a’befmnx+42ab?efmn?x+45b3efmn3x+4a>f2mx?Log[x] +
6a’bfimnx®Log[x] +6ab®f>mn?x?Log[x] +3b>f2mn3x?Log[x] -6a’bf2mnx?Log[x]?-
6ab>f2mn?x?Log[x]%-3b3F2mn®x%®Log[x]?+4ab®f>mn?x?Log[x]®+2b3Ff*mn3x?Log[x]3-
b f2mn®x? Log[x]*+12a’befmxLog[cx"| +36ab?efmnxLog[cx"| +
42b%efmn’xLlog[cx"| +12a’bf2mx? Log[x] Log[cx"| +12ab? f2mn x? Log[x] Log[cx"] +
6 b f2mn? x> Log[x] Log[cx"] -12ab? f2mnx? Log[x]? Log|c x"] -
6b° f2mn? x? Log[x]2 Log[c x"| +4b>f2mn? x? Log[x]> Log[c x"] +
12ab2efmxLog[cx”]z+18b3efmnxLog[cx"]2+12ab21‘=2mx2 Log[X] Log[cx”}2+
6b>f2mn x? Log[x] Log[cx”]z—6b3f2mnx2 Log[x}zLog[cx”]2+4b3efmxLog[cx”f+
4b% 2 mx? Log[x] Log[cx“]s—4a31:2mx2 Log[e+fx] -6a’bf>mnx?Logle+fx] -
6ab?f’mn?x?Logle+fx] -3b3f2mn®x?Logle+fx] +12a’bf2mnx®Log[x] Log[e + fx] +
12ab?f?mn?x?Log[x] Log[e+fx] +6b3>f2mn3x? Log[x] Log[e + fx] -
12ab?f2mn?x?Log[x]?Log[e+fx] -6b3f2mn3x?Log[x]%Log[e+fx] +
4b* f2mn®x? Log[x]> Log[e + fx] -12a*bf2mx? Log[c x"| Log[e + fx] -
12ab?f2mnx? Log[cx"] Log[e+ fx] -6b>f2mn?x? Log[c x"| Log[e + fx] +
24ab? f2mnx? Log[x] Log[cx"| Log[e + fx] +12b>f2mn? x? Log[x] Log[c X"| Log[e + fx] -
12b® f2mn? x? Log[x]? Log[c x"] Log[e + fx] -12ab? f2mx? Log[cx"]zLog[e+-Fx] -

6 b3 f2mn x2 Log[cx“]ZLog[e+fx] +12b3 2 mn x? Log[X] Log[cx”]zLog[eHCX] -

4 b3 £2 m x> Log[cx“]BLog[e+-Fx] +4a’e’Logld (e+Ffx)"] +

6a’be?nlog(d (e+fx)"] +6ab’e?n?Log[d (e+Fx)"] +3b>e?n’Log[d (e+Ffx)"] +

12a’be’ Log[cx"] Log[d (e+fx)"]| +12ab’e®nlog[cx"| Log[d (e+fx)"] +

6b°e’n”Log[cx"| Log[d (e+fx)"| +12ab’e? Log{cx”}zLog[d (e+fx)"] +
6b3e2nLog[cx”}2Log[d (e+fx)"] +4b’ e Log[cx”]3Log[d (e+fx)"] -

f x

f x
12a’bf?mnx? Log[x] Log[1+ —] -12ab? f2mn? x? Log[x] Log[1+ —] -
e e

f x f x
6b° f2mn’ x? Log[x] Log[1+ —| +12ab?f2mn?x? Log[x]? Log[1+ — | +
e e

f f
6b>f2mn3x? Log[x]ZLog[1+—X] -4b*f2mn3 x? Log[x]* Log[1 + —X} -
e e

24ab?f>mnx? Log(x] Log[cx"] Log[1 + -fo} -12b% f2mn? x? Log[x] Log[c x"] Log[1+ H] +
e e

12b* f2mn? x? Log[x]? Log[c x"| Log[1 + B] -12b3f2mnx? Log[x] Log[cx”]zLog[1+ -F—X] -

e e
6bFf2mnx3 (2a2+2abn+b2n2+2b (2a+bn) Log[cx"] +2b? Log[cx”]z) PolyLog|2, —f—X} +
e
12b?f2mn*x? (2a+bn+2blog[cx"|) Polylog|3, —-F—X] - 24 b3 f2mn®x? Polylog|4, _-F_x]
e e

Problem 90: Result unnecessarily involves imaginary or complex numbers.

ng’ (a+bLog[cx"]) Log[d (e+Fx*)"] dx

Optimal (type 4, 221 leaves, 9steps):
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2 2 (asbl "
_3bemnx L omnxts X (2 +bLoglcx") RIS (a+bLog[cx"]) +
16 f 16 4 f 8
bezanog[eJr-sz] X bezanOg[—FTXz} Log[e+1:x2} _ezm (a+bLog[cx”}) Log[e+1‘x2] )
16 f2 8 2 4 f2

be?mnPolylLog[2, 1+ ‘Ce—"z}

1 1
—bnx*L d £x2)" = x4 bL "L d £x2)"
16 n x og[ (e+ x) }+ X (a+ og[cx]) og[ (e+ x) }+ o 2

Result (type 4, 324 leaves):
1

16 2

~4aefmx?*+3befmnx’+2afmx*-bfmnx*-4befmx?Log[cx"| +2bF mx* Log|[cx"] +

i\/?x} +4be?mnLog[x] Log[1+ i VF x

e Ve
be?’mnLog[e+fx?] -4be’mnLog[x] Log[e+fx?] +4be*mLog[cx"| Log[e+fx?] -
4af>x*Log[d (e+fx?)"] +bFf>nx*Log[d (e+Fx?*)"] -4bf>x*Log[cx"] Log[d (e+Fx*)"] +
jﬁx} +4be*mnPolylog|2, j\/?x]

Ve Ve

4be?’mnLog[x] Log[1- | +4ae’mlogle+ fx?] -

4be*mnPolylog|2, -

Problem 91: Result unnecessarily involves imaginary or complex numbers.

Jx (a+bLog[cx"]) Log[d (e+fx*)"] dx

Optimal (type 4, 148 leaves, 9steps):

1bmnxz—lmx2 (a+bLog[cx"]) -
2 2

bn (e+fx?) Log[d (e+fx?)"] benLOg[—ffz} Log[d (e+fx?)"]
- +

4 f 4f

(e+fx?) (a+blog[cx"]) Log[d (e+fx?)"] bemnPolylog[2, 1+ Fei}

2f 4f
Result (type 4, 263 leaves):
1 1 \F X

— |[-2afmx*+2bfmnx*-2bfmx?Log[cx"| +2bemn Log[x] Log|1 -

af Je

Ji\/?x
e

2bemnLog(x] Log[e+fx?| +2bemlLog[cx"| Log[e+fx?| +2afx?Log[d (e+fx*)"] -

bfnx?Log[d (e+fx*)"] +2bfx*Log[cx"] Log[d (e+fx*)"] +

j\/?x} +2bemnPolyLog[2, jl\/?x]

e Ve

} +

2bemnLog[x] Log|[1 + | +2aemLog[e+fx?] -bemnLog[e+fx?]| -

2bemn PolyLog[Z, -
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Problem 92: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

bL ") Log|d fx2)"
J(a+ oglcx"]) Log[d (e+ X>]d1x

X
Optimal (type 4, 113 leaves, 4 steps):

(a+bloglcx"])?Log[d (e+fx?)"] m <a+bLog[cx"])2Log[1+ fe—xz}

2bn 2bn
2 2
lm (a+bLog|[cx"]) PolyLog|2, _f_x] + lbmnPolyLog[3, _f_x]
2 e 4 e
Result (type 4, 307 leaves):
1 bmn Log[x]? Log[1 - jﬁx] -2bmLog[x] Log[cx"] Log|1 - jﬁx] +
2 Ve Ve
banog[x]zLog{1+].“/?X]—meLog[x] Log[cx”]Log[1+jH/?X]+
e Ve
2alog(x] Log[d (e+fx*)"] ~bnlLog[x]*Log[d (e+Fx*)"] +
2
2blog[x] Log[cx"] Log[d (e+fx*)"| -2amLog[x] Log[1+ X |-
e
2bmlog|cx"| Polylog|2, —].H/?X] -2bmlLog|cx"| Polylog|2, j\/?x] -
Ve Ve
2 . .
amPolylog|2, —-F—X} +2bmnPolyLog|[3, - lﬁx] +2bmnPolyLog|3, lﬁx]
: Ve Ve

Problem 93: Result unnecessarily involves imaginary or complex numbers.

dx

J(a+bLog[c x"]) Log[d (e +fx?)"]
3

X
Optimal (type 4, 195leaves, 11 steps):
bfmnlog[x] bfmnlog[x]2 fmLog(x] (a+bloglcx"]) bfmnlLogle+fx?]

2e 2e e 4e

bfanOg[*%] Log[e+fx*| £p (a+blog[cx"]) Log[e +fx?]

4de 2e

bnlog[d (e+fx?)"] ) (a+bLlog[cx"]) Log[d (e+fx?)"] . bfmnPolylog|2, 1+TCTX2]
4 x? 2 x? 4e

Result (type 4, 298 leaves):
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1

4 e x2

~4afmx’Log[x] -2bfmnx?Log[x] +2bfmnx?Log[x]?-4bfmx?Log[x] Log[cx"] +2bfmn

i\/?x} +2bfmnx?Log[x] Log[1+ iV x
e e
bfmnx*Logle+fx*| -2bfmnx?Log[x] Log[e+fx?| +2bfmx*Log[cx"| Log[e+fx?] +
2aelogld (e+fx?)"| +benlog[d (e+fx*)"] +2belog[cx"] Log[d (e+Ffx*)"] +

jﬁx} +2bfmnx?PolyLog|2, jl\/?x]

e e

x? Log[x] Log[1 - | +2afmx®Log[e+fx?] +

2bfmnx?Polylog|2, -

Problem 94: Result unnecessarily involves imaginary or complex numbers.

bL ") Log|d fx2)"
J(a+ oglcx"]) Log[d (e+ X>]d1x

x>

Optimal (type 4, 248 leaves, 10 steps):
3bfmn bf2mnLog[x] bfimnLog[x]? fm(a+bLog[cx”]) f2mLog [x] (a+bLog[cx”}>

- +
16 e x2 8 e? 42 4ex? 2 e?

bf2mn Log[e + f x?] bfzanOg[—%} Logle+fx?| g2 (a+bLog[cx"]) Log[e +fx?]
_ . _

16 e? 8 e? 4 e?

bnlog[d (e+fx?)"] ) (a+blog[cx"]) Log[d (e+fx?)"] ) bf2mn Polylog|2, 1+%]
16 x* 4 x4 8 e?

Result (type 4, 363 leaves):

1
- - 4aefmx?+3befmnx*+8afimx*Log[x] +2bf2mnx*Log[x] -4bFf2mnx*Log[x]?+
16 e“ x
i \/F
4befmx?Log[cx"| +8bf2mx*Log[x] Log[cXx"| -4bFf2mnx* Log[x] Log[l—lrx]—
Ve

4bf>mnx* Log[x] Log[1+ ! X] -4afmx*Logle+fx?| -bfimnx*Log[e+fx?] +
e

4bfmnx*Log[x] Log[e+fx?] -4bf>mx* Log[cx"] Log[e +fx?] +

4ae’log|d (e+fx?*)"] +be’nlog(d (e+fx*)"] +4be’Log[cx"| Log[d (e+Fx*)"] -

j\/?x] —4b-F2mnx4PolyLog[2, j\/?x]

e Ve

4bf2mnx*Polylog|2, -

Problem 100: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JX (a+bL0g[cx”})2Log[d (e+Fx*)"] dx
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Optimal (type 4, 310leaves, 17 steps):

b2emn? L 32
fibzmn2x2+bmnx2 (a+bLog[cx”])—1mx2 (aerLog{cx””ZJr emn? Log|e + X}+
4 2 4f
lb2n2x2Log{d (e+1‘:x2)m}—lbnx2 (a+bLlog[cx"]) Log[d (e+Ffx*)"] +
4 2

bemn (a+blLog[cx"]) Log 14 £¢

1e (a+bLlog[cx"])?Log[d (e+Ffx?)"] - ( ) [ e } N
B 2f

em (a+blog[c x“])2 Log[1+ M} b2 emn? Polylog|2, 7ﬁ}

e B e .
2f af
bemn (a+blog[cx"]) Polylog|2, —%} b2 emn? Polylog|3, —i}
2f ) 4f

Result (type 4, 814 leaves):

~2a’fmx?+4abfmnx?-3b2fmn*x*-4abfmx?Log[cx"] +4b?fmnx?Log[cx"]| -
4 f

iV Ff x i vVFf X
2b2-me2Log[cx”]2+4abeanog[x] Log[l—]l\/_ | -2b%emn? Log[x] Log[l—lr ] -
Ve Ve
i vVF X iV X
2b2emn2Log[x]2Log[1—1\/— | +ab?emnLog[x] Log[c x"] Log[l—]l |+
e e
e i F
4abemnLog[x] Log[1+]l\/ix]—zbzemnzLog[x]Log[1+]l X}—
Ve e
. 'F : .F
2b2emn2Log[x]2Log[1+lrx}+4b2eanog[x} Log|c x"] Log[1+]l X}Jr
Ve Ve

2a’emlog(e+fx?] -2abemnloge+fx?| +b>emn?Log|e+fx?| -

4abemnLog(x] Log[e+fx?| +2b*emn? Log[x] Log[e+ fx?| +2b2emn? Log[x]? Log[e + fx?] +
4abemlog[cx"] Log[e+fx?| -2b%emnLog[cx"] Log[e+fx?] -

4b*emn Log[x] Log[cx"| Log[e+fx?| +2b*emLog|cx" }ZLog[eJr-Fx |+

222 fx?Log[d (e+fx?)"| ~2abfnx?Log[d (e+fx*)"] +b>fn? x> Log[d (e+fx*)"] +
4abfx’Log[cx"] Log[d (e+Fx?*)"| -2b>fnx’Log[cx"| Log[d (e+Fx*)"] +
ZbZFXZLog[cx“]ZLog[d (e+fx2)m]+2bemn(2a—bn+2bLog[cx””PolyLog[Z,—i\/?x}+
Ve
2bemn (2a-bn+2blog[cx"]) PolyLog|2, i\/?x} -
e
VE x iVF x

| -4b?emn?Polylog|3,

4b*emn?Polylog|3, -
Ve Ve
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Problem 101: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

bL "])?* Log|d fx2)"
J(a+ og[cx"])?Log[d (e+fx?) ]dlx

X
Optimal (type 4, 147 leaves, 5steps):
(a+bLog[cx”])3Log[d (e+fx2)"]
3bn

m(a+bloglcx"])>Log[1+ X 2
| ) [ g } —lm (a+bLog[cx”})2PolyLog[2, fx |+
3bn 2 e
2 2
lbmn (a+bLog|[cx"|) PolyLog|3, —-F—X} - 1bzmn2 PolyLog|4, _f_x]
2 e 4 e
Result (type 4, 736 leaves):
—a?mLog[X] Log[lfjx/?x]+abanog[x]2Log[1fj\/?X]f

Ve Ve
lbzmnzLog[x]3Log[1—J.H/?X]—2ameog[x] Log[cx”]Log{l—jl\/?x]Jr
> Ve Ve
b?mn Log[x]? Log[c x"] Log[l—i\/?x}—bszog[x] Log[cx“]zLog[l—jH/?X]—

e Ve
aZmlog[x] Log{1+i\/?x]+abanog[X]2Log[1+i\/?x]_

Ve Ve
lbzngLog[x]3Log[1+jl\/?x]72ameog[x] Log[cx”]Log[1+j\/?X]+
3 Ve Ve

j\ﬁx ]'l\/?X

| -b?mLog[x] Log|c x“]2 Log[1+
Ve Ve
a’Log[x] Log[d (e+fx?)"] —abnLog[x]?Log[d (e+fx*)"] +

] +

b?mn Log[x]?Log[cx"| Log[1+

lb2 n? Log[x]?Log[d (e+fx?)"] +2abLog[x] Log[cx"] Log[d (e+fx?)"] -

3
b%n Log[x]? Log[cx"] Log[d (e+fx?)"] + b? Log[x] Log|c x”}zLog[d (e+fx?)"] -
m (a+bLog[cx”])2PolyLog[2, —i\/?x} —m<a+bLog[cx"])2PolyLog{2, jl\/?x] +
Ve Ve

ZabmnPolyLog[3,—j\/?X}JerZanog[cx”} PolyLog[3,—j\/?X]+

Ve Ve
2abmnPolyLog[3, jl\/?x] +2b2anog[cx“] PolyLog[B, j\/?x] -

Ve Ve

LV f X i\ f X
iV | -2b>mn?PolyLog|4, iV

2b?mn? Polylog|4, -
e Ve
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Problem 102: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

bl ") Log[d (e +fx?)"
\{(a og[cx"])?Log[d (e+fx?)"] i

X3
Optimal (type 4, 276 leaves, 11 steps):

2 2

b2 £ mn2 Log [X] bfmnLog[1+ i} (a+blog[cx"]) -FmLog[1+i] (a+bLog[cx“])2

2e 2e 2e
b2 fmn?Loge+fx?] b2n?log[d(e+fx?)"| bn(a+bloglcx"]) Log[d (e+fx?)"]

4e 4 x2 2 x2

(a+bloglcx"])?Log[d (e+fx?)"] . b2 fmn? PolyLog|2, ’ﬁ] .
2 x? 4e

bfmn (a+bloglcx"]) Polylog|2, —f] b? fmn2 Polylog|3, - =%, |
+

x2 f x?

2e 4e

Result (type 4, 946 leaves):
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1
C12ex?

6b? fmn?x? Log[x]2-4b?fmn?x? Log[x]?-24abfmx?Log[x] Log[cx"] -

12b? fmnx? Log[x] Log[cx"| +12b? fmnx? Log[x]? Log[c X"]| - 12b? fmx? Log[x] Log[cx”]2+

~12a2fmx?Log[x] -12abfmnx?Log[x] -6b2fmn?x?Log[x] +12abfmnx?Log[x]?+

) iV x ) s 5 iV x
12abfmnx?Log[x] Log[1- | +6b2fmn?x? Log[x] Log|[1 - |-
e e
iV X iV Ff x
6b2-an2x2Log[x]2Log[1—1\/— | +12b2 fmnx? Log[x] Log[c x"] Log[l—l\/— |+
Ve Ve
iV F X iV Ff X
12abfmnx?Log[x] Log[1+lr | +6b*fmn? x? Log[X] Log[1+]l ] -
Ve Ve
Ji\/?x j\/?x

6 b? fmn?x? Log[x]? Log[1 + | +12b2 fmnx? Log[x] Log|cx"| Log[1+

Ve Ve
6a’fmx’Log[e+fx?| +6abfmnx?Logle+fx?| +3b>fmn?x?Loge+fx?]| -
12abfmnx?Log[x] Log[e +fx?| -6b? fmn?x? Log[x] Log|e + fx?| +
6b? fmn?x? Log[x]?Log[e+fx?| +12abfmx? Log[cx"| Log[e+fx?] +
6b’ fmnx?Log|[cx"] Log|e+fx?] -12b? fmnx*Log[x] Log[cx"] Log[e +fx?] +
6 b2 £ mx? Log[cx”}zLog[eﬂcxz] +6a’elog[d (e+fx*)"] +6abenlogd (e+fx*)"] +
3b%en’Log[d (e+fx?)"| +12abelog|[cx"| Log[d (e+fx*)"] +
6b2enlLog[cx"| Log[d (e+Fx*)"] +6b2eLog[cx"]2Log[d (e+Fx?)"] +

6bfmnx? (2a+bn+2blog[cx"|) PolyLog|2, 71’1\/?x] +
Ve
6bfmnx? (2a+bn+2blog[cx"|) PolyLog|2, jﬁx} -
Ve
12b? fmn? x? PolyLog|3, 711\/?)(} -12b%fmn? x? Polylog|3, jﬁx}
Ve Ve

Problem 103: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

bL ") Log[d (e+fx?)"
j(a+ og[cx"])?Log|d (e+ X)]dlx

x>

Optimal (type 4, 356 leaves, 15 steps):
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_7b’fmn? bZ-FZngLog[x]_3b'an<a+bLog[cx”]) b'FZanOg{lJffe?} (a+bLloglcx"])

— + —

32ex? 16 e? 8ex? 8 e?

1‘m<a+bLog[cx“])2 fszOg[lJrf%} (a+bLog[cx”])2 bZFZngLog[eJrFxZ]

4ex? : 4 e? : 32 e? )
b>n? Log[d (e+fx?)"] bn (a+bloglcx"]) Log[d (e+fx?)"]

32 x4 ) 8 x* )
(a+bloglcx"])?Log[d (e+fx?)"] b2 £2mn? PolyLog|2, *;7}

4 x4 ) 16 e? )
bf2mn (a+bLlog[cx"]) PolylLog|2, 7;7} b2 f2mn? Polylog|3, 7:7]
4¢e? ) 8 e?

Result (type 4, 1111 leaves):
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1

96 e2 x4

24a’efmx?+36abefmnx®+21b2efmn?x?+48a%f mx*Log[x] +24abf2>mnx*Log[x] +

6b%2f>mn? x* Log[x] -48abf?mnx*Log[x]%2-12b%f>mn?x* Log[x]%2+16b%f>mn? x*Log[x]>+
48abefmx?Log[cx"| +36b%efmnx’Log[cx"] +96abf>mx*Log[x] Log[cx"] +
24b% f2mn x* Log[x] Log[c x"| - 48 b2 f2mn x* Log[x]? Log[c x"| + 24 b*e fmx? Log[cx“]2+

iV X
48 b2 2 m x* Log[X] Log[cx”}2—48abfzmnx“Log[x} Log[l—JH/— ] -
e
iV Ff x iV x
12 b2 f2mn? x* Log [x] Log[l—l\/— ]+24b2f2mn2X4|—0€[X]2Log[l—1\/— ] -
Ve Ve
iV F X i VF X
48 b2 f2mn x* Log [x] Log[c X" | Log[l—]l | -48abfmnx*Log[x] L08[1+1W ] -
Ve Ve
iV F x LV X
12 b% f2mn? x* Log [X] Log[1+l\/7 ]+24b2-F2mn2x4Log[x]2Log[1+lr ],
Ve Ve

1vVFf x

48 b2 f2mn x* Log[x] Log[c x"] Log[1 + | -24a2f2mx* Log|e + x| -

e
12abf?mnx*Logle+fx?| -3b>f>mn?x* Log|e+ fx?| +48abf>mnx*Log[x] Log[e + fx?] +
12b? f2mn? x* Log[x] Log[e + f x?*| - 24 b? 2 mn? x* Log[x]? Log[e + f x*| -
48abf2mx* Log[cx"| Log[e+fx?| -12b2 f2mnx* Log[c x"| Log[e + f x?
48 b2 f2mn x* Log[x] Log[c x"] Log[e + fx?| - 24 b f2 mx* Log|c x”}zLog[
24a%e?Log[d (e+fx?)"| +12abe’nlog[d (e+Fx*)"] +
3b%e’n?Log[d (e+fx?)"] +48abe’Log[cx"| Log[d (e+fx*)"] +
12b%e?nLog[cx"| Log[d (e+fx?)"] + 24 b? e? Log|c x“]zLog[d (e+fx?)"] -

+

e+fx2} +

12bf’mnx* (4a+bn+4blog[cx"]|) Polylog|2, —jﬁx} -
Ve
12bf’mnx* (4a+bn+4blog[cx"|) Polylog|2, jm/?x] +
e
48 b f2mn? x* PolyLog|3, _]'l\/?X] +48 b2 f2mn? x* Polylog|3, jﬁx]
e Ve

Problem 108: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx (a+bLog[cx”})3Log[d (e+fx?)"] dx

Optimal (type 4, 514 leaves, 26 steps):
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ib3mn3’x2—gb2mn2x2 (a+bLog[cx"]) +ibmnx2 (a+bLog[cx”])2—
2

2 4
3b*emndL £x2
lmx2 (a+bLog[cx”])3— emn’ Logle - £x'] —Eb3n3x2Log[d (e+Fx?)"] +
2 8 f 8
ib2n2x2 (a+bLog[cx"]) Log[d (e+-Fx2)m]—ibnx2 (a+bLog[cx“])2Log[d (e+fx?)"] +
4 4
3b2emn? (a+blog[cx"]) Log[1+ £
lx2 (a+bLog[cx”])3Log[d (e+fx?)"] + ( ) [ e } _
2 4f
3benn (2 bloglex'))?Logl1+ 2] e (a-bloglcx)|Logl1 ]
4f ' 2f :
3b%>emn®Polylog|2, —%2} 3b*emn? (a+blog[cx"]) Polylog|2, —feiz]
8 f ) 4f "
3bemn (a+bLlog[cx"])?Polylog|2, —fe%z} 3b*emn? Polylog|3, _%]
4f ’ 8 f )
3bemn? (a+blog[cx"]) Polylog|3, —%] 3b*emn?Polylog|4, —TXZ]
4f ' 8f
Result (type 4, 1911 leaves):
if -4 fmx?+12a’bfmnx?-18ab?fmn?x? +12b° fmn®x* - 12a*b fmx* Log[c x| +
8
24ab2anx2Log[cx”]—18b3-an2x2Log[cx”]—12ab2-me2Log[cx“]2+
120> fmnx*Log[cx"|* - 40 fmx® Log[cx"]* +12a*bemn Log[x] Log[l—i\/?x}_
Ve
12 ab%?emn? Log[x] Log[l—j\/?x]+6b3emn3Log[x] Log[lfjﬁx},
Ve Ve
12abzemn2Log[x}2Log[1—jﬁx}+6b3emn3Log[x]2Log[1—j\/?x]+
ve Ve
4b3emn3Log[x]3Log[1—jﬁx}+24ab2eanog[x] Log[cx”]Log[l_j\/?X]_
Ve Ve
12b*emn? Log([x] Log|c x"] Log[l—j\/?x}—12b3emn2Log[x]2Log[cx”} Log[l—jﬁx
e \/?
12b%emn Log(x] Log[CX”}ZLOg[l—i\/?xhlzazbemnwg[x] Log[1+jl fx}_
Ve Ve
12 ab%?emn? Log[x] Log[1+j\/?x]+6b3emn3Log[x] Log[1+jl -FX},
Ve Ve
ivFf x i/ x

12ab?emn? Log[x]? Log[1 + | +6b*emn’ Log[x]? Log|1 +

Je N
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4b*emn®Log[x]® Log[1+ i\/?x} +24ab*emnlog[x] Log[cx"] Log[1+ ]IH/?X] -
Ve Ve
12b*emn? Log[x] Log[cx"] Log[1 + ivf X} -12b*emn? Log[x]? Log[c x"| Log[1+ j\/?x] +
e e

1VFf x

12b3emn Log[x] Log[cx”}zLog[lJr | +4a*emlogle+fx*| -6a’bemnlLogle+fx?]| +
e

6ab’emn?Logle+fx?| -3b*emn’Log|e+fx?| -12a’bemn Log[x] Log[e +fx?| +

12ab?emn? Log[x] Log[e + fx?] -6b*>emn® Log[x] Log[e + fx?| +

12ab’emn? Log[x]?Log|e + fx?| -6b*emn® Log[x]? Log|e + fx?] -

4b*emn’ Log(x]®Logle+fx?| +12a’bemlog[cx"| Log[e+fx?] -

]
12ab?emnlog[cx"| Log|e+fx?| + 6b>emn? Log|[cx"| Log[e + fx?] -
24ab?emnLog[x] Log[cx"| Log[e+fx?| +12b*>emn? Log[x] Log[c x"] Log[e + f x?] +
12b*emn? Log[x]? Log[c x"| Log[e + f x?| +12ab2emLog[cx”]2Log[ewaz} -
6b3emnLog[cx”]zLog{ersz] -12b%emnLog[x] Log[cx”}zLog[eﬂcxz} +
4b3emLog[cx”}3Log[e+Fx2] +4a’fx?Log[d (e+fx*)"| -6a’bfnx?Log[d (e+Ffx*)"] +
6ab?fn?x?Log|d (e+Ffx?)"| -3b°fn?x?Log[d (e+Ffx*)"] +
12a’bfx?Log[cx"| Log[d (e+fx*)"] ~12ab?fnx? Log[cXx"] Log[d (e+Ffx?)"] +
6b>fn?x?Log[cx"| Log[d (e+fx*)"] +12ab? f x? Log[cx”}zLog[d (e+fx?)"] -
6 b3 f nx? Log[cx”]zLog[d (e+fx*)"] +ab>fx? Log[cx“]g'Log[d (e+fx?)"] +

6bemn(2a2—2abn+b2n2—2b(—2a+bn) Log[cx”]+2b2Log[cx”}2) PolyLog[Z,—jH/?x]+
Ve
6bemn (2a2—2abn+b2n2—2b (-2a+bn) Log[cx"] +2b2Log[cx”}2) PolyLog|2, j\/?x} -
Ve
24ab2emn2PolyLog[3,—j\/?x]+12b3emn3PolyLog[3,,j\/?x}f
Ve Ve
24b*>emn? Log[c x"| Polylog|3, 7]1\/?)(] ~24ab2emn? Polylog|3, Ji\/?x} .
€ e
12b*emn’ Polylog|3, jﬁx} -24b*emn? Log[cx"| PolyLog|3, j\/?x] N
Ve Je
24b% emn’® Polylog[4, —J.U/?X] +24b*emn’ Polylog|4, j\/?x]
e ﬁ

Problem 109: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

bL "])° Log[d (e+fx?)"
J(a+ oglcx"])’ Log[d (e+ X)]dlx

X

Optimal (type 4, 181 leaves, 6 steps):



44 | Mathematica 11.3 Integration Test Results for 3.1.5 u (a+b log(c x~n))”p.nb

(a+bloglcx"])*Log[d (e+Ffx?)"] m(a+bLog[cx“])“Log[1+%}
4bn 4bn
2 2
lm(aerLog[cx”}>3PolyLog[2, Fx }+§bmn (a+bLog[cx”])2PolyLog[3J ,1] _
2 e 4 .
2 2
2 bmn (a+bLog[cx"]) PolyLog[4, -] + > bmn PolyLog[s, - ]
4 e 8 e
Result (type 4, 1348 leaves):
st miogix] Log[1- T X1, 2 22 bmnLogix)? Log[1- T X -
Ve o 2 Ve
abzmnzI‘Og[XPLOg[l’jl\/?x}+lbamn3’Log[XJ4Log[lfjl fx}*
Ve s .
3a?bmLog[x] Log[cx"] Log[lfjﬁx}+3ab2anog[x]2Log[cx”} Log[lfjL fx}i
e e
b3mn2Log[x}3Log[cx”]Log[lfjﬁx]f3ab2mLog[x} Log[cx”}zLog[lfj\/?x}Jr
e e
z'93”'”|-08[x}2Log[cx”]2Log[1—]‘l\/?x]—b3mLog[x} Log{cx“}sLog[l_i\/?X}_
2 e -
a’mLog[x] '-Og{lJfjl\/?x]+ia2banog[x]2Log[1+jl f X}_
e 2 o
abzmnzLog[XlsLog[1+j\/?x}+lb3mn3Log[x}4Log[1+i\/?x}_
Ve o 4 Ve
3a’bmLog[x] Log[cx”] Log[1+jl fX}+3ab2anog[x]2Log[cx”} Log[1+jﬁx},
e Ve
b3mn2Log[x}3Log[cx"]Log[1+j\/?x]—3ab2mLog[x] Log[cx"}zLog[lJrjl\ﬁx}Jr
e \/?
Eb3mnLog[x}zLog[cx”]zLog[1+].H/?X]—b3mLog[x} Log[cx”fLog[lJrI'L\/?X}Jr
2 e \/?

a® Log[x] Log[d (e+fx*)"]
2

- iazanog[x]ZLog[d (e+fx?)"] +

ab>n?Log(x]?Log[d (e+fx*)"] - lb3 n® Log[x]* Log[d (e+fx?)"] +

4

3a’bLog[x] Log[cx"| Log[d (e+fx*)"] -3ab?nLog[x]?Log|[cx"| Log[d (e+Ffx*)"] +
b®n? Log[x]? Log[c x"| Log[d (e+fx*)"] +3ab”Log[x] Log|c x”]2 Log[d (e+fx?)"] -

Eb3 nlLog[x]? Log|c x“]2 Log[d (e +fx?
2

m (a+bLog[cx"] )3 Polylog|2, -
e

]i\/?X

)" + b Log[x] Log[cx"]3Log[d (e+fx?)"] -

Ji\/?x

e

| -m(a+blog[cx"] )3 PolyLog|2,

|+
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| a5

3a2bmnPolyLog[3,—jﬁx]+6ab2anog[cx“] PolyLog[B,—i\/?X}+
e e
3b3anog[cx”]2PolyLog[3, —j\/?x} +3a’bmnPolylog|3, j\/?x] +
e Ve
6ab’mnLog|cx"| PolyLog|3, j\/?x] +3b3mnLog[cx”}zPolyLog[S, j\/?x] -
e Ve
6ab2mn2PolyLog[4,7]1\/?X]76b3mn2Log[cx”]PolyLog[4,7]1\/?)(]7
e Ve
6 ab’>mn®PolylLog|4, ].H/?X] -6b’>mn? Log[cx"| PolyLog|4, jm/?x] +
e Ve
6 b’ mn®Polylog|5, BER A X] +6b*mn’ PolyLog|5, i\/?x]
e e

Problem 110: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(a+blog[cx"])’ Log[d (e+fx?)"]

3

J

Optimal (type 4, 451 leaves, 15steps):

X

3b2fmn?Log|1+ -5

3b3fmn3 Log[x] 2

dx

] (a+bloglcx"])

4e - 4e -
3bfmnlog[l+ i} (a+bLog[cx”])2_meog[1+ i} (a+bLog[cx”])3_
4e 2e
3b3fmn’Log[e+fx?| 3b3n’Log|d (e+fx?)"] 3b2n? (a+bloglcx"]) Log[d (e+fx?)"]
8e 8 x2 4 x?
3bn (a+bloglcx"])®Log[d (e+fx?)"] (a+blog[cx"])’Log[d (e+fx?)"]
- +
4 x2 2x?
3b3 fmn? Polylog|2, —f%} 3b2fmn? (a+blog[cx"]) PolyLog|2, —:7] )
8e 4e
3bfmn (a+blog[c x”})zPolyLog[Z, —F%} 3b3fmn?Polylog|3, f;j]
4e : 8e :
3b2fmn? (a+blogcx"]) Polylog|3, —:7] 3b3 fmn?Polylog|4, —i]
4e 8e

Result (type 4, 2248 leaves):

8ex?

12a’bfmnx?Log[x]?+12ab?fmn?

-8alfmx?Log[x] -12a’bfmnx?Log[x] -12ab>fmn?x?Log[x] -6b>fmn3x%Log[x] +

x? Log[x]2+6b3fmn3x?Log[x]?2-8ab?>fmn?x?Log[x]>-

4b*fmn?x? Log[x]®+2b>fmn x? Log[x]* - 24 a%bfmx?Log[x] Log[cx"| -
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24ab? fmnx*Log[x] Log[cx"| -12b> fmn?x* Log[x] Log[cx"] +
24ab?fmnx?Log[x]?Log[cx"] +12b>fmn? x? Log[x]? Log[cx"] -
8b> fmn? x? Log[x]? Log[cx"] - 24 ab? fmx* Log[X] Log[cx”]z—
12 b3 fmn x? Log[X] Log[cx"}erlsz:mnx2 Log[x]ZLog[cx”}zf

L\ F
8 b3 fmx?Log[x] Log[cx"}3+12a2bfmnx2Log[x} Log[l—lrx]+
Ve
Wr . F
12ab? fmn?x? Log[X] Log[l—lrx]+6b3fmn3x2Log[x] Log[l_lrx]_
Ve Ve
i/ F o
12ab21‘:mn2x2Log[x}ZLog[l—]l X}—6b3'-an3x2Log[x}ZLog[l—]l\/—X}Jr
Ve Ve
iV X iV F X
4b3-an3x2Log[x13Log[1—l\/— | +24ab?fmnx?Log[x] Log[cx"] Log[l—l\/_ |+
Ve Ve
i F
12b* fmn? x? Log[x] Log[c x"] Log[1 - = X} -
e
i \/F
12b* fmn? x? Log[x]? Log[c X" ] Log[l—l\ﬁX}Jr
e
T W
12 b fmn x? Log[x] Log[cx”}zLog[lf1WX}+12a2menx2Log[x] Log[1+l\/7x}+
Ve Ve
W W
12 ab? fmn2 x2 Log [x] Log[1+lrx]+6b3fmn3x2Log[x] Log[1+lrx]_
Ve Ve
2 2,2 2 ivf x 3 3,2 2 iveF x
12ab?fmn? x? Log[x]? Log[1 + | -6b>fmn?x? Log[x]? Log[1 + |+
e \/?

j\/?x} +24ab>fmnx?Log[x] Log[cx"| Log[1+

Ve Ve

4b*fmn®x*Log[x]® Log[1+

1VFf x

12b* fmn? x? Log[x] Log|c x"| Log[1+ | -12b° fmn?x? Log[x]?

e

lﬁx} +12b3 fmnx?Log[x] Log[cx”}zLog[1+ lﬁx} +

Ve Ve
4a°fmx?Logle+fx?| +6a’bfmnx?Logle+fx?| +6ab?fmn?x?Logle+fx?] +
3b°fmn®x?Logle+fx?| -12a’bfmnx?Log[x] Log[e+fx?| -
12ab?fmn? x? Log[x] Log[e + fx?| - 6b> fmn’x* Log[x] Log|e + fx?] +
12ab?fmn? x? Log(x]? Log[e +fx?| +6b*> fmn3x* Log[x]? Log[e + f x?] -
40> fmn®x? Log([x]? Log[e + fx?| +12a*bFfmx? Log[c x| Log[e + fx?] +
12ab?fmnx?Log[cx"]| Log[e+fx?| +6b*>fmn?x? Log[cx"| Log[e+ x| -
24ab? fmnx?Log[x] Log[cx"| Log[e+fx?] -12b>fmn?x? Log[x] Log[c x"| Log[e +fx?] +
12b> fmn?x? Log[x]2 Log[c x"] Log[e+fx?] +12ab* fmx* Log[c x"]? Log[e + £ x?] +
6b>fmnx? Log[cx”}zLog[eﬂcxz] -12b3 fmnx?Log[X] Log[cx”]zLog[eﬂcxz] +
4 b3 fmx? Log[cx”fLog[eJr-sz] +4a’elog[d (e+fx*)"] +
6a’benlog|d (e+fx?)"| +6ab’en?Log|d (e+fx?)"] +3b%en’Logld (e+Ffx?)"] +

Log[c x”] Log[1+
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12 azbeLog[c ”} og[ (e+fx2)'“] +12ai)2énLog[E>£”} Log|[d (e+f;(2)\m] +
6b° en? Log|cx"| Log|[d (e+fx2)m]+12ab2eLog[cx”]2Log[d (e+Fx2)"] +
6b*>enLog|cx" ]zLog[ (e+Fx*)"] +4b3eLog{cx“}3Log[d (e+fx*)"] +6bfmnx

227 +2abn+b?n’+2b (22+bn) Log[cx"] + 202 Log[c x| PolyLog[Z,—iﬁxhsbf
e
mn x? (2a2+2abn+b2n2+2b (2a+bn> LOg[an} +2b2LOg[cx”]2) Polyl_og{z) iﬁx] )
e
2007 £ mn® x* PolyLog[3, - -1 X] 1267 £mn 2 Polylog[3, - T X
Ve e
24 b3 fmn? x?2 Log[cxn} PolyLog[3, 71'1\/?x] —24ab2-an2x2PolyLog[3, j\/?x] .
¢ e
126 £ 2 Polylog[3, %] 24t e ¢ Log[c ] PolyLog[3, ] .
Ve e
24 b3 £ mn® x? PolyLog [4, 71'1\/?x} - 240 Fmn® x2 PolyLog 4, jﬁx}
e Ve

Problem 111: Result more than twice size of optimal antiderivative.
JXZ (a+bLoglc x"})3 Log[d (e+fx?)"] dx

Optimal (type 4, 1092 leaves, 49 steps):
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4b*e*2mn3ArcTan| 3&}

52ab’2emn?x 160b>emn®x 16 Je 52b3emn? x Log[c x"]

+—b3mn3x3+ +
9f 27 f 81 27 £3/2 9f
4b2e3/2mn2Ar‘cTan[@] (a+blog[cx"])
4 5 2.3 n Ve
—b>mn®x® (a+bLlog[cx"]) - -
9 9 £3/2

8bemnx (a+bloglcx"])? +ibmnx3 (a+bLog[cx”])2+ 2emx (a+bloglcx"])? )

3f 9 3f

b(-e)3?mn (a+bLog[cx”])2Log[1— @}
me3 <a+bLog[cx"])3+ <
9 3 £3/2

x

(-e)32m (a+bLog[cx”])3Log[1— %} b(-e)3¥2mn (a+bLog[cx”1)2Log[1+ %]
- +

3.F3/2

3.F3/2

x

e
nq\3 f
(-e)32m (a+bloglcx"]) Log[1+ﬁ

]

- ib3 n®x’ Log[d (e+fx*)"] +

332 27
Ebznzx3 (a+bLog[cx"|) Log[d (e+Fx*)"] —lbnx3 (a+bLog[cx“])2Log[d (e+fx?)"] +
9 3
2b% (-e)¥2mn? (a+bLlog[cx"]) Polylog|2, —3&}
1 Nery
;x3 (a+blog[cx"])’ Log[d (e+fx?)"] - iy s
b (-e)*2mn (a+blogc x”})ZPolyLog[Z, —@}
—e
.F3/2 i
2b% (-e)*2mn? (a+blog[cx"]) Polylog|2, %}
3 f3/2 -
b (-e)*2mn (a+bLog[cx"])?PolyLog[2, %] 2ib*e*2mn®Polylog|2, —M%]
£3/2 B g f£3/2 -

2ib%*e3?2mn3 PolyLog[Z, l—\%} 2b3 (-e)32mn? PolyLog[B, —%]

9.F3/2 3.":3/2

f
2b% (-e)*2mn? (a+blog[cx"]) PolylLog|3, —%]

.F3/2

JEf x JE x
2b* (-e)32mn?Polylog|3, Fex} 2b% (-e)*2mn? (a+blog[cx"]) Polylog|3, \/TEX}

+ +

3 .F3/2 .F3/2

2b% (~e)¥2mn?Polylog[4, - L-X]  2b3 (~e)32mn?Polylog|a, L
(-e)32mn?PolyLog| ﬁ] (-e)32mn? PolyLog]| ﬁ}

.F3/2 .F3/2

Result (type 4, 2544 leaves):

s 54a%e+/f mx-216a’be+f mnx+468ab?e+/f mn?x-480b3e~f mn®x-18a>F"2mx3+
81f
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X
36a’bf2mnx?-36ab? f/2mn?x>+ 16 b> f*2mn’ x> - 54 a° e/ 2mArcTan| |+
Ve
2 3/2 X 2 ,3/2 2 X 3 ,3/2 3 X
54 a°be mnAr‘cTan[ ]—36abe mn Ar‘cTan[ ]+12be mn Ar‘cTan[ ]+
e e e
VFox f x
162 a*be®2mn ArcTan | | Log[x] - 108 ab? e*'?mn? ArcTan | | Log[x] +
e e
VX f x
36 b’ 32 mn® ArcTan| | Log[x] - 162 ab?e¥?mn?ArcTan| | Log[x]?+
Ve e
Vfox X
54 b*e*2mn? ArcTan | | Logx]? +54b%e*?mn3 ArcTan| | Logix]?+
Ve e

162a*be+/f mxLog[cx"] -432ab*e+/f mnxLog[cx"| +468b>e+/f mn?xLog[cx"] -
54a%bf¥2mx> Log[cx"| +72ab? f*2mnx® Log[c x"| - 36 b £/2mn? x® Log[c x"| -

X] Log[cx"] -

X} Log[cx"| + 108 ab?e*?mn ArcTan|

162 a’be*? mArcTan|

e e
36 b3 e3/2mn2Ar‘cTan[\/?X} Log[cx"| +324ab? e3/2mnAr‘cTan[\/?X} Log[x] Log[cx"] -
Ve Ve
108 b® e3/2 m n? Ar‘cTan[\/?X] Log[x] Log[cx"] -
Ve
162 b3 e3/2mn2Ar'cTan[\/\/?_X] Log[x]2Log[cx"] +162ab%e~/f mxLog[cx"]” -
e

216b3eﬁmnxLog[cx”]2—54ab2-F3/2mx3 Log[cx”}2+36b3f3/2mnx3 Log[cx”]z—

f x f x
162ab2e3/2mAr‘cTan[\/— }Log[cx”]z+54b3e3/2mnAr‘cTan[\/— }Log[cx”]ZJr
Ve e
f x
162b3e3/2mnAr‘cTan[r | Log[x] Log[cx”]2+54b3e meLog[cx”]3—
Ve
X
18 b3 £3/2 ;m x3 Log[cx”]3754b3 e¥2mArcTan| | Log|c x”]37
e
iV Ff X iV Ff X
81lia’be*?mnLog[x] Log[l—]l\/— | +541iab?e¥?mn? Log[x] Log[l—JH/_ ] -
Ve Ve
iV Ff X iV Ff X
18 i b3 e32mn3 Log[x] Log[l—l\/— }+811’1ab2e3/2mn2Log[x]zLog{l—1\/— | -
e Ve
NV D¢ i vVFf X
271'1b3e3/2mn3Log[x]2Log[1—1\/— ]—271'1b3e3/2mn3Log[x]3Log[1—1\/— |-
Ve Ve
1V Ff X
162 i ab?e*?mn Log[x] Log[cx"| Log|1 - = | +541ib%*e*2mn? Log[x]
e
i/ x

Log[cx"] Log[1 - ! X] +811ib*e*2mn? Log[x]? Log[cx"| Log|1 -
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iV Ff X iV Ff X

811ib3e32mn Log[x)] Log[cx”]zLog{l—l\/— | +81ia’be*?mn Log[x] Log[1+1\/—
Ve Ve
L\ f X 1V F X
54 iab’e*2mn? Log[x] Log[1+ iVE | +18i b*e*2mn’ Log[x] Log[1 + = |-
e Ve
LV f X LV f X
811‘1ab2e3/2mn2Log[x]2Log[1+I\F ]+271‘Lb3e3/2mn3Log[x]2Log[1+1\/7 |+
e Ve
1V f X iV Ff X
271 b%e¥?mn® Log[x]> Log[1 + iV | +1621iab”*e*?mn Log[x] Log[cx"| Log[1+ iVE
Ve Ve

LV f X

54 i b3 e*?mn? Log[x] Log|c x"] Log[1+JH/— ] -
e
) f x
811ib%*e*?mn? Log[x]? Log[cx"]| Log[1 + |+
e

i vVFf X

811ib3e*?mnLog[x] Log[cx”]ZLog[1+1\/— | +27a 323 Log|[d (e + fx*)"] -
e

27a’bf/2nx?Log[d (e+fx?)"| +18ab? /2 n?x’ Log[d (e + fx*)"] -

6b>/2n®x’ Log|[d (e+fx*)"] +81a’bf?x’ Log[c X"] Log{ (e+fx?)"] -
54ab’ 32 n x> Log[cx"| Log[d (e+fx*)"| +18b% /2 n? %3 Log[cx] ogld (e+fx?)"] +
81 ab? £3/2 3 Log[cx”]zLog[d (e+fx?)"] -27b%£/2n X3 Log[cx] Log[d (e+fx*)"] +
27b3f3/2x3Log[cx“]3Log[d (e+fx*)"] +9ibe*2Zmn

(9a2-6abn+2b2n’-6b (-3a+bn) Log[cx"] ~9b2 Log[c "]’ PolyLog[z,—jﬁX],
Ve
9ibe’?mn [9a’-6abn+2b’n’-6b (-3a+bn) Logcx"] +9b?Log[cx"]?)
PolyLog|2, jﬁx] -162 i ab?e®?mn? PolyLog|3, _jﬁx] .
Ve Je
541 b3 e32mn3 POlyLog[B, B Ji\/?x} ~162 i b%e32 mn? LOg[cx”] PolyLog[3, ~ Ji\/?x] .
\/? \/?
162 i ab?e*2mn? PolyLog 3, i\/?x} 54 b%e¥2mn’ PolyLog|3, Ji\/?x} .
€ Ve
16215 ¢ ne Log[ e Polytog[3, 0¥ .
e
162 i b3e3/2mn3 POlyLog[4, 7]'1\/?X] _162 i b%e32mn? PolyLog[4, iV Ff x}
e Ve

Problem 112: Result more than twice size of optimal antiderivative.
J(a+bLog[c x"] )3 Log[d (e+fx?)"] dx

Optimal (type 4, 977 leaves, 42 steps):
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12b2+/e mn? (a-bn) Ar‘cTan[%]

-24ab*mn®x+36b°mn*x-12b*mn? (a-bn) x+ <
i
12 b3ﬁmn2Ar‘cTan[@] Log[c x"]
3 2 n Ve nl\?2
36 b>mn®x Log[cx"| + +12bmnx (a+blog[cx"])” -
F
3b+y-e mn(a+bLog[cx”])2Log[1—@}
2mx (a+bloglcx"])’+ Ve
F
—em (a+bLog[cx”])3Log{1—%} ) 3bv-e mn <a+bLog[cx”])2Log[1+%} )
i F
pS m(a+bLog[cx”])3Log{1+@}
Ve +6ab’n’xlog|d (e+fx*)"] ~6b>n’xLog[d (e+Ffx*)"] +
F
6 b>n”x Log|c x"| Log|d (e+fx2)m}—3bnx(a+bLog[cx”])2Log[d (e+fx?)"] +
6b2+/-e mn? (a+blog[cx"]) PolyLog|2, —@]
x(a+bLog[cx”])3Log[d (e+fx?)"] - Ve ©
F
3bv-e mn (a+bLog[cx“])2PolyLog[2, —%] )
o
6b2+/-e mn2 (a+bLlog[cx"]) PolylLog|2, %]
F
3b+-e mn (a+blog[cx"])?PolyLog|2, 3\/%} ) 61ib*+e mn3PolyLog|2, —%} )
i F
61ib*+e mn3Polylog|2, M@] 6b>+/-e mn*Polylog|3, —@}
e . Ve -
s F
6b2+/-e mn? (a+blog[cx"]) PolylLog|3, —%] )
F
r
6b*~/-e mn?Polylog|3, 3\/@} ) 6b2+/-e mn? (a+blog[cx"]) Polylog|3, \/:] )
T F
3./ 3 _Fx 3./ 3 VE x
6b e mn?Polylog|4, ﬁ] ) 6b e mn?Polylog|4, ﬁ]
i F

Result (type 4, 2302 leaves):

1 VF ox
—— |-2a°V/f mx+12a’b~/f mnx-36ab*+/f mn?x+48b>/f mn®x+2a’+/e mArcTan| ] -
\F Ve
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4

X

6a2b\/?mnAr‘cTan[ ]+12ab2\/?mn2Ar‘cTan{ X]—12b3\/?mn3Ar‘cTan[ X}—

Ve e Ve
f 7
6a2b\/?mnAr‘cTan[\/—X] Log [x] +12ab2\/?mn2Ar*cTan[\/—X] Log[Xx] -
Ve Ve
f f
12b3\/?mn3Ar‘cTan[\ﬁX] Log [X] +6ab2\/?mn2Ar'cTan[\/7X] Log[x]?-
Ve Ve
f f
6b3\/?mn3Ar'cTan[\/7X] Log[x}z72b3\/?mn3Ar‘cTan[rx} Log[x]3 -
Ve e
6a’b+/f mxLog[cx"] +24ab?/f mnxLog[cx"] -36b>+/f mn?xLog[cx"] +
f f
6a2b\/?mArcTan[rx] Log[c x"] —12ab2\/?mnAr‘cTan{v—X] Log[cx"] +
Ve Ve
F F
12b3\/?mn2Ar‘cTan[\/—x] Log[c x"] —12ab2\/?mnAr‘cTan[\/—X] Log[x] Log[cx"] +
Ve Ve
o ox f x

12b* /e mn*ArcTan| | Log[x] Log[cx"] +6b*~/e mn?ArcTan| | Logix]? Log[cx"] -

A

e
6ab2\/?mxLog[cx“]z+12b3\/?mnxLog{cx”}2+

4

6ab?+/e mArcTan| X]Log[cx”}2—6b3\/?mnAr‘cTan[ X}Log[cx“]z—
Ve e
6b3\/?mnAr‘cTan[\/?X] Log[x] Log[cx"}2—2b3\/?meog[cx”]3+
Ve
2b3\/?mAr‘cTan[\/?X] Log[cx”]3+3ja2b\/?anog[x] Log[1 - j\/?x] -
Ve Ve
6iab?+e mn?Log[x] Log[1- jﬁx} +61ib>+ve mn’Log[x] Log[1- j\/?x] -
Ve Ve
3iab?+e mn?Log[x]?Log|[1- ].U/?X] +3ib*+e mn?Log[x]?Log|[1- jﬁx} +
Ve Ve
i b>+/e mn®Log([x]> Log[1 - i\/?x} +6iab?+/e mnLog(x] Log[cx"] Log[1 - ].H/?X] -
Ve Ve
61ib’>+/e mn?Log(x] Log[cx"] Log|[1 - jﬁx] -
Ve
3ib*+/e mn?Log[x]?Log[cx"] Log[1 - jl\/?x] +
Ve
3ib*>+/e mnLog[x] Log[cx”]zLog[l— jl\/?x] -3ia*b+/e mnLog(x] Log[1+ j\/?x] +
Ve Ve

i \/F i \/F
n\ﬁx} -6ib*+ve mn’Log[x] Log[1+ LVF x

6iab?+e mn?Log[x] Log[1+
e Ve
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3iab’+/e mn?Log(x]?Log|1+ 1\/—)(] -3ib*+e mn?Log(x]?Log[1+ 1\/—)(} -
Ve Ve
J'1b3\/?mn3Log[x}3Log[1+]l X}—Gjabzx/?anog[x] Log[c x"] Log[1+]l X]+
Ve Ve

]'l\/?X

e

61ib*+/e mn?Log(x] Log[cx"] Log[1 + | +3ib*+e mn? Log[x]?

jﬁx]f3jb3\@anog[x} Log[cx”]zLog[lJrj\/?X
Ve Ve

a’>V/f xlog[d (e+fx?)"] -3a2b~/f nxLog[d (e+fx*)"] +

6ab?+/f n?xLog[d (e+fx?)"] ~6b>/f n®xLog[d (e+Ffx?)"] +

3a’b+/f xLog[cx"| Log[d (e+fx*)"] -6ab?+/f nxLog[cx"] Log[d (e+fx?)"] +

6b>\/f n*xLog[cx"| Log[d (e+fx?)"] +3ab2\/?xLog[cx”]2Log{d (e+fx?)"] -

3b3\/?nxLog[cx”}2Log[d (e+fx?)"] +b3ﬁxLog[cx”]3Log[d (e+fx?)"] -

] +

Log[cx"] Log[1 +

3]1b\/?mn(a272abn+2b2n2+2b(a,bn> LOg[CX”}erZLog[cx”}z) POlyLog[z,fj\/?X]+
Ve
3iby/emn(a?-2abn+2b’n’+2b (a-bn) Log[cx"] +b? Log[cx"]?| PolyLog|2, N?X} R
Ve
611ab2\/?mn2PolyLog[3, —i\/?x} —6ib3\/?mn3PolyLog[3, _Ji\/?x} .
Ve Ve
616 Ve o Log[cx] potyog[3, - L5 %] 65 abt /o mnpotyiog[s, LX)
Ve Ve
6jb3\/?mn3PolyLog[3, i\/?x] ~61ib3+/e mn? Log[c x"] PolyLog|3, ]IH/?X] _
Ve Ve
iVF x i VF x

61ib*+/e mn?PolyLog|4, - | +6ib*+e mn?PolyLog|4,

e Ve

]

Problem 113: Result more than twice size of optimal antiderivative.

bL "1)? Log|d fx2)"
J(a+ og[cx"]) og| (e+ X)]dlx

x2

Optimal (type 4, 879 leaves, 26 steps):
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VE mn (a+bloglcx"])*PolyLog[2, - > =X] )
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Problem 114: Result more than twice size of optimal antiderivative.
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Problem 125: Result more than twice size of optimal antiderivative.
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Problem 128: Result more than twice size of optimal antiderivative.
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3be2nLog[1+ﬁe£} (a+bloglcx"])? e/x (a+bloglcx"])?

o + . —ix(a+bLog{cx”])3+
eZLog[1+ﬂ] (aerLog[cx”])3
x Log|d (e+fﬁ)}(a+bLog[cx“])3f € +
.FZ

12b%*e?n®Polylog|2, 1+ %} 12b?e?n? (a+blog[cx"]) PolyLog|2, —fﬁ}

+ —

.FZ .FZ
6be?n (a+blog[cx"])?PolyLog|2, 7‘39&] 24 b* e? n* Polylog|3, 7£]

- +

.FZ .FZ

24b%e?n? (a+blog[cx"]) PolyLog|3, —fﬁ} 48 b* e? n’ Polylog 4, —ﬂ}

e

.F2 .F2
Result (type 4, 1513 leaves):

1x(7a3+3a2bnf6ab2n2+6b3n373a2b (-nLog[x] +Log[cx"]) +
2

6ab’n (-nlog[x] +Log[cx"]) -6b*n? (-nLog[x] +Log[cx"]) -
3ab? (-nLog[x] +Log|c x“”2+3b3n (-nLog[x] + Log|c x””z—b3 (-n Log[x] +Log[cx”])3) +

%e\g (a3—3a2bn+6ab2n276b3n3+3a2b (-nLog[x] + Log[cx"]) -

6ab’n (-nlog[x] +Log[cx"]) +6b>n® (-nLog[x] +Log[cx"]) +
3ab” (-nLog[x] +Log|c x“”z—3b3n (-nLog[x] + Log|c x””2+b3 (-n Log[x] +Log[cx”])3) -

-FlfzeZLog[eJrf\/?] (a373a2bn+6ab2n276b3n3+3azb (-nLog[x] + Log[cx"]) -

6ab’n (-nlog[x] +Log[cx"]) +6b>n? (-nLog[x] +Log[cx"]) +

3ab2(—nLog[x]+Log[cx””2—3b3n(—nLog[x]+Log[cx””2+b3 (—nLog[x}+Log[cx”])3)+
x Log|[d (e+f\ﬁ ] ( a®-3a’bn+6ab’n?2-6b>n*>+3a2bnlog[x] -6ab?n?Llog[x] +

6b3n3Log[x] +3ab’n?Log[x]2-3b3>n3Log[x]2+b3n3Log[x]3+

3a’b (-nlog[x] +Log[cx"]) -6ab’n (-nlLog[x] +Log[cx"]) +

6b>n” (-nlog[x] +Log[cx"|) +6ab’nLog[x] (-nLog[x] +Log[cx"]) -

6b>n”Log[x] (-nlog[x] +Log[cx"]) +3b>n?Log[x]? (-nLog[x] +Log[cx"]) +

3ab? (-nlog[x] +Log[cx"])*-3b%n (-nLog[x] +Log[cx"])?+
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3b3n Log[x] (-n Log[xk] + Léé[c x" | >2J;b3 (-nLog[x] +hLog[_c'x”])3) -
3bfn (az—Zabn+2b2n2+2ab (-nLog[x] +Log[cx"]) -
2b%*n (-nlog[x] +Log|[cx"]) +b*> (-nLog[x] +Log|c x"])z)
eVx (71+Log[\/Y])

(—2Log[\/?}+Log[x])+2 - +
'F2

evx x e*logle+f/x|

+ — +

£2 2f £

2 e
+ +

f £3

_i+ L x Log[/x | e? (Log[1+ bei] Log[Vx | + PolylLog|2, —ﬂ&})

evx x e*logle+f/x|
+

£ 2f £3

3b>fn® (-a+bn-b (-nlog[x] +Log[cx"]))

JX -1+ Log[ VX
(_ZLOg[\/?]+L°g[x])2+4(—2L0g[\/7]+Log[x}> _e ( lszog[\/—]) .

_i+ ixLog[\/?} e? (Log[1+ bei] Log[v/x | +PolylLog|2, —ﬂ})

I
f v ‘F3 +_F3
4 |-ef/x (2-2Log[Vx | +Log[vx |*) + = £ x (1-2Log[+/x | +2Log[x |*) +e* |Log]
4
1+F\/;]Log[\g]2+2Log[\/;}PolyLog[Z,-F\/T]ZPolyLog[B,f\/;}J -
e e e
£
1 e s 1+f\/? - e(—Ze'F\/Y+-F2x+2e2Log[1+ ex})Log[xP_
2(e+f\/?) e £3 5372
3elog[x]? [-4ef/x +f2x-4e?Polylog|2, Jg])
.F3X3/2 *
6 e Log[x] —8efﬁ+f2x-8e2PolyLog[3,_bei})

.F3 X3/2

6e (—16e1¢d?+1‘2x—16e2 PolyLog|4, —ﬂ})

e

.F3 X3/2

Problem 130: Result more than twice size of optimal antiderivative.
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dx

JLog[d (e+f\/;)] (aerLog[cx"])3

X

Optimal (type 4, 178 leaves, 6 steps):
Log|d (e+f\g)} <a+bLog[cx“])4 Log[1+be£] (a+bLog[cx“})4

4bn 4bn
2 (a+bLog[cx”])3PolyLog[2, - X | +12bn (a+bLog[cx””2PolyLog[3, —f\/;] -
e e
48b%n? (a+bLlog[cx"|) PolyLog|4, - X | +96b°n®PolyLog|5, - f\/?]
e e

Result (type 4, 662 leaves):

1 4a3Log[ (eJrf\ﬁ)]Log 4a3|_og[1Jr \/?}Log[x]—GazanOg[ (e+f\/7)]L0g
4 e
6abnlog[l+ \/;]Log[x]2+4ab2n2Log[ e+f\ﬁ)}Log
e
4ab2n2Log[1+fﬁ]Log[X]3—b3n3L0g[ d e+ /x| ] Log[x]
e
f/x

b*n® Log |1+ | Log[x]*+12a%b Log[d (e+f\/—)}Log ] Log[cx"] -

e

12a?bLog|1+ f]Log[x} Log[cx"] ~12ab?nLog[d (e« f/x || Log[x])? Log[cx"] +
12ab’nlogl+ f}Log[ijLog[cx"]+4b3n2Log[ d (e+ /x| ] Log[x)? Log[cx"] -
4b*nLog[1+ f]Log[x]%og[cx“}+12ab2Log[ d (e+ /x| ] Log(x] Log[cx"]* -
12ab?Log|1+ \f]Log[x} Log[cx"]*-6b’nLog[d (e+ /x| ] Log[x]? Log[cx"]” +
6b3nLog[1+ff}Log[x]zLog[cx"}2+4b3Log[ d (e+f/x|] Log(x] Log[cx"]” -
4b3Log[1+ff}Log[x1 Log[cx“]3-8(a+bLog[cx"})3PolyLog[2,—ffp
48bn(a+bLog[cx"])2PolyLog[3,f\f]wzabznzpolymgp,ﬁf]

192 b> n? Log[c x"| PolyLog[4, - eX | +384b°n3PolyLog|5, - ff]

Problem 139: Result more than twice size of optimal antiderivative.

bL "1)3 Log|d £ xm) "
J(a+ oglcx"])’ Log[d (e+ x)]dlx

X
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Optimal (type 4, 185leaves, 6 steps):

XM

(a+bloglcx"])*Log[d (e+fx")"] T (a+bLoglcx"])* Log[1+ %}

4bn 4bn
x|

£ x"

3bnr (a+bLlog[cx"])?Polylog|3, -
N _
m m2

6b2n’r (a+blog[cx"]) Polylog|4, —‘C‘T"m] 6 b>n® r Polylog 5, -
+
m3 m

r (a+blog[cx"])?Polylog|2, -

<F m
]

4

Result (type 4, 1395 leaves):

1 3 3
-—a’bmnrlog[x]®+ —ab’mn?rLog[x]*- —b>mn3rLog[x]° -
2 4 10

3 1
ab?mnrLog(x]?Log[cx"| + =b>mn?r Log[x]*Log[cx"] ——b3mnr‘Log[x}3Log[cx”]2—
4 2

} _
-m e Xfm

| -3ab?nrLog[x]?Log[cx"] Log[1 +

3 2 x" 2,2 3 ex"
—a“bnrlLog[x] Log[1+ }+2ab n° r Log[x] Log[1+
2 £ f

] +

] 7§b3nr‘Log[x}2Log[cx“]zLog[lJr
2

3
=b>n?rLog(x]*Log|1+
4

ex™™

ex™m

} _

a®rLog[x] Log[e+fx"| +3a’bnrLog[x 12Log[e+fx"‘} -3ab?n?rLog(x]>Logle+fx"] +

2b>n?rLog(x]® Log[cx"| Log[1+

a’rLog[- %] Log[e + fx"]
b*>n’rLog[x]* Log[e + fx"] + £ -
m

3a?bnrLlog(x] Log[-* }Log[e+Fx"‘} 3ab?n?rLog[x]2 Log[-* 2 21 Logle + fx"]
. _
m m

] Log[e + f x")

b®n3r Log[x]3Log[-*

-3a%brLog[x] Log[cx"] Log[e+1‘xm] +

m
6ab?nrLog[x }ZLog[cx”] Log[e+fx"| -3b>n?rLog(x]®Log[cx"| Log[e+fx"]| +
3a?brLog|-f }Log[cx]Log[eﬂcx"‘] 6ab2nrLog(x] Log[- 1cx'“]Log[ X"] Log[e + f x"]
m } m
3b>n2r Log[x]2 Log|-* ]Log[cx}Log[e+-Fx’"}
. -3ab?rLog[x] Log[cx”}zLog[e+Fxm]+
3ab>rLog|-f }Log[cx 12 Log[e + f x"]

3b3nr‘Log[x]2Log[cx”]zLog[ewa"‘]+ -
m

3b>nrLog(x] Log[-* }Log[cx]ZLog[eﬂcx"‘]

-b?rLog[x] Log[c x”]3 Logle+ fx"]| +

m

b3r‘Log[ ]Log[cx}3Log[e+-Fx"']

+a’Log[x] Log[d (e+fx")"] -
m

iazanog[x}zLog[d (e+fx")"] +ab*n?Log[x]®Log[d (e+Ffx")"] -
2

lb3 n® Log[x]* Log[d (e+fx")"] +3a’bLog[x] Log[cx"] Log[d (e+Ffx")"] -
4
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3ab?nlog[x]?Log[cx"| Log[d (e +fx")"] +b®n?Log[x]> Log[cX"] Log[d (e+Fx")"] +

3ab? Log[x] Log|c x“}ZLog[d (e+fx")"] - ib3nLog[x]zLog[cx”}zLog[d (e+fx")"] +
2

b* Log[x] Log|c x”]3 Log[d (e+fx")"] + lbnr‘Log[x]
m

ex™m

.F

(b2 n?Log[x]?-3bnLog(x] (a+blog[cx"]) +3 (a+blog|c x”])z) PolyLog[2, -

} +

r (a-bnlog[x] +bLog[cx"] >3PolyLog[2, 1+ ‘ceim] 3a2bnrPolyLog|3, _e:im]
+ +
m m2

6ab?nrlLoglcx"] PolylLog|3, —e:—m] 3b3nrLog[cx"]?PolyLog|3, —%]
m? : m? :
6 ab?n? r‘PolyLog[4, —e’:m] 6b3n?rLog[cx"] PolyLog[4, —e’:m} 6 b3 n3r'PolyLog[5, —eifm]

+ +
m3 m3 m*

Problem 140: Result more than twice size of optimal antiderivative.

J(a+bLog[cx“])2Log[d (e+Fxm)"]

X

dx

Optimal (type 4, 150 leaves, 5steps):
(a+bloglcx"])®Log[d (e+Ffx")"]
3bn )
r(a+blog[cx"])?Log[1+ ] e (a+blog[cx"])?PolyLog|2, -8

e

- +

3bn m
2bnr (a+bloglcx"]) Polylog|3, —ﬂ} 2b2n?rPolylog|4, —i}

e

m? m3

Result (type 4, 741 leaves):
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3 4

1
-—abmnrLog[x]

1
+—=b?>mn?rLog[x]
3 4

1
- =b?mnrLog(x]®Log[cx"]| -
3
2 ex™" 2 2 22 3 "
abnrlog(x]?Log[1l+ | + =b?n?rLog[x]?Log[1+ | -
£ 3 f

-m

b?nrLog[x]?Log[cx"]| Log[1+

| -a%rLogix] Log[e+fx"] +

a’rLog[- €

| Logle + fx"]
2abnrlog[x]?Logle+fx"| -b2n?rLog[x]>Log|e+fx"] + £

m
2abnrlog[x] Log[-P%] Log[e+fx"] b2n?rLog[x]?Log|[- "] Log[e+fx"]
e e

+ —

m m
2abrlLog[x] Log[cx”} Log[ewa’"} +2b2nr‘Log[x]2Log[cx”} Log[ewa'"} +
.F

2abr‘Log[—fxm] Log[cx"] Log[e+fx"] 2b?nr Log[x] Log|- X!

e

> | Log[cx"] Log[e +fx"]

m m
" bzr‘Log[—E] Log[c x"]2 Log[e + f x"]
b2 r Log[x] Log[cX"]|" Log[e + fx"]| + £ +
m
a’Log[x] Log[d (e+fx")"] ~abnLog[x]?Log[d (e+fx")"] +

lb2 n®Log[x]®Log|d (e+fx")"| +2abLog[x] Log|[cx"| Log[d (e+fx")"] -
3
b’ n Log[x]? Log[cx"] Log[d (e+fx")"] +b? Log[x] Log|c x“}ZLog[d (e+fx")"] +

bnrLog[x] (—anog[x] +2 (a+bL0g[cx“])> PolyLog[z, 7e>;—m]

+
m

r (a-bnlog[x] +bLog[cx"] >2PolyLog[2, 1+ ‘Ce—xm] 2abnrPolylog|3, —e’:m]
+ +
2

m m

2b2nrLoglcx"] PolyLog[3, - %] 2b2n?rPolylog[4, - <~
m? v m3

Problem 141: Result more than twice size of optimal antiderivative.

J(a+bLog[cx"]) Log[d (e+fx")"]

X

dx

Optimal (type 4, 114 leaves, 4 steps):

(a+bLog[cx”])2Log[d (e+fxm)] 1 <a+bLog[cx”])2Log[1+ fe_xm}

2bn 2bn
r (a+blog[cx"]) Polylog|2, —“m] bnrPolylLog|3, —fxm]

e e
+

m m?

Result (type 4, 304 leaves):
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-m

1 3 1 2
-=~bmnrLog[x]®- ~bnrLog(x]?Log|1+ | -~arLogix] Log[e+fx"| +
6 2

ar‘Log[f’:Xm] Log[e+fx"] bnrLog[x] Log[f‘cxm} Log[e + f x"]
bnrlog(x]?Log[e+fx"] + € - e _
m m
br‘Log[f’cXm] Log[c x"] Log[e + f x"]
brLog[x] Log[cx"| Log[e+fx"]| + £ +

m

alog[x] Log[d (e+fx")"] - lanog[x]zLog[d (e+fx")"] +
2

ex”“}

bnrLog[x] PolyLog|2, -
bLog[x] Log[cx"] Log[d (e+Fx")"] + f -
m
r(a-bnLog[x] +blog[cx"]) Polylog[2, 1+ fe—xm} bnrPolylLog|3, —e:‘c—m]
+
m m?

Problem 147: Result more than twice size of optimal antiderivative.

+bL "]) Log[d (e+fx")¥
J(a og[cx"]) Log[d (e X>]d1x

X

Optimal (type 4, 114 leaves, 4 steps):

(a+bLog[cx”])2Log[d (e+fxm)k} k <a+bL0g[CXn])2|—0g[1+ fefxm}
2bn 2bn

k (a+bLog[cx"]) PolyLog|2, —ﬂ] bknPolyLog|3, —‘me]

e e
+

m m

2

Result (type 4, 304 leaves):

-m

1 ; 1 ) e X
-~bkmnLog[x]®- ~bknLog[x]?Log|1+ | -aklLog[x] Log[e +fx"] +
6 2

akLog[f‘ce—Xm] Log[e+fx"] bknLog[x] Log[f‘cei} Log[e + f x"]

bknLog[x]?Log[e+fx"| +
m m
bkLog[f‘cxm] Log[c x"] Log[e + f x"]
bk Log[x] Log[cx"| Log[e+fx"]| + € +
m

alog[x] Log|[d <e+fx'“)k] - lanog[x]ZLog[d (e+fx’">k] +
2

bknLog[x] PolyLog[2, - &~ ]
b Log[x] Log[cx"| Log|d (e+-Fx”')k} + f -
m
k (a-bnLog[x] +blog[cx"]) Polylog[2, 1+ ‘ce—xm} bknPolyLog|3, —e:‘c—m]
+

m m?
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Problem 166: Result more than twice size of optimal antiderivative.

(a+bLog[cx“])2 (d+elog[fx"])
J dx

X
Optimal (type 3, 57 leaves, 4 steps):

er <a+bLog[cx“])4 <a+bLog[cx“])3 (d+eLog[-Fx'"}>
- +

12 b2 n? 3bn

Result (type 3, 129 leaves):
iLog[x] (—3b2en2r‘Log[x]3+12 (a+bLog[cx“])2 (d+eLog[-Fx"]) +
12

4bnlog(x]? (bdn+2aer+2berLlog[cx"| +benlog[fx"]) -
6Log[x] (a+blog[cx"|) (2bdn+aer+berLog|cx"] +2benLog[fxﬂ))

Problem 199: Unable to integrate problem.

J(a +blog[cx"])? PolyLog[k, exI]
dx

X
Optimal (type 4, 104 leaves, 4 steps):
(a+blog[cx"])?PolyLog[1+k, exd] 3bn (a+blog[cx"])?PolyLog(2+k, ex]

q 9’
6 b2 n? (a+bLog[c x“}) PolyLog[3+k, ex%] 6b3n3PolyLog[4+k, ex9]
q° i q*

Result (type 8, 25leaves):

J(a+b Log[cx"])? PolyLog[k, ex%] ;
X

X

Problem 200: Unable to integrate problem.

j(a +blog[cx"])?PolyLog[k, exd]
dx

X
Optimal (type 4, 72leaves, 3 steps):
(a+blog[cx"])?PolyLog[1+k, exd]

q
2bn (a+blog[cx"]) Polylog[2+k, exd] 2b2n2Polylog[3+k, exd]
+

q? q?

Result (type 8, 25leaves):

j(a +blog[cx"])?PolyLog[k, exd]
dx

X
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Problem 201: Unable to integrate problem.

J(a+bLog[c x"]) Polylog [k, e x] 5
X

X

Optimal (type 4, 40 leaves, 2 steps):

(a+blog[cx"]) Polylog[1l+k, ex?] bnPolylog[2+k, exd]

q q?

Result (type 8, 23 leaves):
J (a+bLlog[cx"]) PolyLog[k, ex9]

X

dx

Problem 205: Unable to integrate problem.

Log[x] PolylLog[n, ax]
J dx

X
Optimal (type 4, 20leaves, 2 steps):
Log[x] PolylLog[1l +n, ax] - PolyLog[2 +n, aXx]

Result (type 8, 13 leaves):
Log[x] PolylLog[n, ax]
J dx
X

Problem 206: Unable to integrate problem.

Log[x]? PolyLog[n, ax]
j dx

X
Optimal (type 4, 33 leaves, 3 steps):
Log[x]2?PolyLog[1l+n, ax] -2Log[x] PolyLog[2+n, ax] +2PolylLog[3+n, ax]

Result (type 8, 15leaves):

jLog[x]2 PolylLog[n, ax]
X

dx

Problem 207: Unable to integrate problem.

J

Optimal (type 4, 26 leaves, 2 steps):
PolylLog [k, e x9]
bn (a+bLloglcx"])

gqPolylog[-1+k, ex9] PolylLog [k, e x9] q
- X

an(a+bL0g[CX"]) x(a+bLog[cx”]>2
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Result (type 8, 59 leaves):

J

Problem 214: Unable to integrate problem.

gqPolylLog[-1+k, ex9] PolylLog [k, e x9] q
- X

bnx(a+bLog[cx”]) x(a+bLog[cx”}>2

sz (a+bLog[cx"]) PolyLog(3, ex] dx

Optimal (type 4, 253 leaves, 15 steps):

2bnx bnx> 4 x (a+bloglcx"]) x*(a+bloglcx"])
- -—— - —bnx*+ + +
27 e? 36e 243 27 e? 54 e

1 bnlog[l-ex 1

—x® (a+blog|cx"]) —L+—bnx3mg[1—ex] +

81 27 €3 27

bL n L 1-
(a~bloglcx"]) Log| ex]—ixi‘ (a+blog[cx"]) Log[1l-ex] +
27 e3 27

bnPolylog[2, ex]

2 1
+ —bnx?Polylog[2, ex] - — x> (a+bLog|[cx"|) PolylLog[2, ex] -
27 3 27 9

1 3 1 3
—bnx’Polylog[3, ex] + = x> (a+blog[cx"|) PolylLog[3, ex]
9 3

Result (type 8, 21 leaves):

sz (a+bLog[cx"]) PolyLog(3, ex] dx

Problem 215: Unable to integrate problem.

Jx (a+bLog[cx"]) PolyLog(3, ex] dx

Optimal (type 4, 221 leaves, 15steps):

5b 1 X (a+bloglcx" 1 3bnlog[l-

fﬁ——bnx2+ ( 81 ]>+—x2(a+bLog[Cx"”’ T ok ol
16e 8 8e 16 16 e?

3 a+blog[cx"]) Log[l-ex 1

—bnszog[lfex]+( glcx"]) Logl J7—x2 (a+bLlog[cx"]) Log[1-ex] +

16 8 e? 8

bnPolylLog[2, eX]

+

1 2 1.,
+ —bnx?PolylLog[2, ex] - — X (a+bLog[c x“]) Polylog[2, ex] -
8 e? 4 4

1 1
—bnx?Polylog[3, ex] + —x* (a+blog[cx"]|) PolylLog[3, ex]
4 2

Result (type 8, 19leaves):

JX (a+bLog[cx"]) PolyLog(3, ex] dx
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Problem 216: Unable to integrate problem.

a+blog|cx"|) PolyLog[3, ex] dx
[(a+broglex))

Optimal (type 4, 131 leaves, 14 steps):
3bn (1-ex) Log[l-ex]
N

~4bnx+x (a+bloglcx"]) -
e

(1-ex) (a+blog[cx"]) Log[l-ex] bnPolylLog[2, ex]
.

+2bnxPolylLog[2, ex] -
e e
x (a+blog[cx"]) PolyLog[2, ex] -bnxPolylog[3, ex] +x (a+bLog[cx"]) PolyLog[3, eXx]

Result (type 8, 18 leaves):

J(a+bLog[c x"]) PolyLog[3, ex] dx

Problem 217: Unable to integrate problem.

J(a +bLog[cx"]) PolylLog[3, ex]

X

dx

Optimal (type 4, 26 leaves, 2 steps):
(a+bLog|[cx"|) PolyLog[4, ex] -bnPolyLog[5, eX]

Result (type 8, 21 leaves):

J(a+bLog[c x"]) Polylog(3, ex] 4
X

X

Problem 218: Unable to integrate problem.

dx

J(a +b Log[cx"]) PolylLog[3, eX]
2

X

Optimal (type 4, 174 leaves, 19 steps):

3benlog[x] - 1ben Log[x]*+elog[x] (a+bLlog[cx"|) -
2

3bnlLog[l-ex]

3benlog[l-ex] + -e(a+blog[cx"]) Log[1-ex] +
X
a+blog[cx"]) Log[l-ex 2bnPolylLog[2, e
( el ” el ]—benPolyLog[Z,ex]— ylogl X] -
X X

(a+blog[cx"]) PolyLog[2, ex] bnPolylog[3, ex] (a+bloglcx"])Polylog(3, ex]

X X X

Result (type 8, 21 leaves):

dx

J(a +bLog[cx"]) Polylog[3, ex]
2

X
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Problem 219: Unable to integrate problem.

J(a+bLog[c x"]) Polylog(3, ex] 4
X
X3

Optimal (type 4, 238 leaves, 16 steps):

blL n
e fax Og[cx])+le2Log[x} (a+bLog[cx"]) -
8 X 8

+ —be?nlLog
16 x 16

5b 3 1
J2280 [x] - —be’nlog[x]?-
16

3bnlog(l-ex] 1, (a+blog[cx"]) Log[l-ex] +

3
—be’nlog[l-ex] +

16 16 x? 8
a+blog[cx"]) Log[l-ex 1 bnPolylog[2, ex
( glex"]) Logl ]—fbeZnPolyLog[Z,ex]f ylogiZ, ex] _
8 x? 8 4 x2
(a+blog[cx"]) PolyLog[2, ex] bnPolylog[3, ex] (a+bloglcx"])Polylog(3, ex]
4 x? 2 x?

4 x2

Result (type 8, 21 leaves):
(a+blog[cx"]) PolyLog[3, ex] 4
X

J o
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Summary of Integration Test Results

249 integration problems

A - 184 optimal antiderivatives

B - 29 more than twice size of optimal antiderivatives
C - 24 unnecessarily complex antiderivatives

D - 12 unable tointegrate problems

E - Ointegration timeouts



